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NOTICE

When Government drawings, specifications, or other data
are used for any purpose other than in connection with a
definitely related Government procurement operation, the United
States Government thereby incurs no responsibility nor any
obligation whatsoever; and the fact that the government may have

[ formulated, furnished, or in any way supplied the said drawings,
specifications, or other data, is not to be regarded by implica-
tion or otherwise as in any manner licensing the holder or
any other person or corporation, or conveying any rights or
permission to manufacture, use, or sell any patented invention
that may in any way be related thereto.

Publication of this report does not constitute Air Force
approval of the reports findings or conclusions. It is
published only for the exchange and stimulation of ideas.

This report describes the work performed by S K F Industries,
Inc. at its Technology Center in King of Prussia, Pa. for the
United States Air Ferce Systems Command, Air Force Aero Propul-
sion Laboratory, Wright-Patterson Air Force Base, Ohio and for
the Naval Air Propulsion Test Center, Trenton, N. J. The work
"was performed over a thirty-six month period starting in March
1972 under U. S. Air Force Contract No. F33615-72-C-1467 and
Navy MIPR No. M62376-3-000007. Mr. John Jenkins and Mr. John
Schrand administered the project for the Air Force and Mr.
Raymund Valori administered the project for the Navy.

The project was conducted at S K F under the direction of
Mes~rs. L. B. Sibley, P. S. Given and T. E. Tallian. The S K F
report designation is No. AI.75PO14.

The report contains the results of an analytical modelling,
computer program development and full-scale bearing test effort.

This report has been reviewed by the Information Office,
"(ASD/OIP) and is releasable to the National Techical] aforma-
tion Service (NTIS). At NTIS, it will be av-iilablt to the
general public, including foreign nations.

This technical report has been reviewed and is approved
for publication. ]
.o IFB. Schrand Ravmond Valori
Pro}ict Engineer Project Engineer

I FOR THlE COMMANDER FOR THE COMMANDII OFFICF3R

" o•ard'. Io n" Al Lockwood, Supervisor

Chief, Lubrication Branch Lubricants and Power Drive
Fuels and Lubricat-on Division Systems Division, Naval Air
Air Force Aero Propulsion Laboratnry Propulsion Test. Center
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NOMENCLATURE

Symbol Definition Units*

A a constant in Walther's equation H-)

A surface of contact between media (mm 2

Ac cage-land surface area (mm2 or in. )

2Ae area of outer cylindrical surface (m)

A. area of inner cylindrical surface (mm2

A ball frontal area (mm')
v

B auxiliary variable C-)

B B = AX/a, a constant in Walther's (-)
equation

C a constant tabulation by Fresco (m2 N orin.4/lb)

C0  a non dimensional fluid-geometry (-)
U parameter

C specific heat at constant pressure (W/kg-DegC)
p

Cr cage pocket clearance (mm)

C drag coefficient (-)

D ball or roller diameter (mm)

D a constant tabulated by Fresco (mm2 /N or
in. 2 /lb)

2
E a constant tabulated by Fresco (MM2N or

in. /lb)

~ 2El, E2 Young's modulis for the contacting (N/mm or psi)•I bodies

FA axial force (-)

normal components of resultant force of (N or lb)Fni' Fn 2  the inlet pressure distribution

'Where multiple units are indicated, the first units given are
those associated with the computer program input and output.

xv



NOMENCLATURE (CONTD)

Symbol Definition Units*

FR sliding force acting on the ball (N or lb)

FRI, FR2  pumping forces acting on the ball (N or Ib)

FRP, FS3 tangential forces due to inlet rolling (N or lb)
and shearing between ball and cage

FS shearing force acting on the ball (N or lb)

FS1 , FS2  inlet friction forces (N or lb)
F x FYIFz force components in the x,y,z coordinate (N or lb)

system

F windage force or drag force (N or lb)

F the vector of inertia and drag forces (N or lb)

m the vector sum of the hydrodynamic forces (N or lb)
m acting on the ball at the m-th contact

Fib a vector of bearing loads and moments (N or lb • mm-

N or in.-lb)
iqFMs a vector of shaft loads and moments (N or lb. & mm-SiN or in.-lb)

G lubricant coefficient of thermal (1/DegC or

expansion I/DegF)

H non dimensional film thickness parameter (-)

J moment of inertia of the ball kg-mm2

Kf conductivity of the film (lb/degF-sec)

Kij the proportion of the heat flow from (-)
node i going to node j.

Kg,K constants in expression for heat transfer (-)coefficient

L characteristic length (mm or in.) I
L10 full film fatigue life (hrs)

Mc moment due to fluid friction between the (mm-N or in.-]b
cage and the ring land

*Where multiple units are indicated, the first units given are
those associated with the computer program input and output.
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I NOMENCLATURE (CONTD)

Symbol Definition Units *

M qx1,M1?.I z ball moment components in the x,y,z (mm-N or in.-lb)[ coordinate system

M ball moment vector (mm-N or in.-lb)

N Nusselt's number (-)

SP Prandtl's number (-)"" ~r

PD diametral clearance (mm or in.)

PE bearing end play (mm or in.)

forces acting normal to the ball (N or lb)
1P2 surface within the outer and inner

raceway contact ellipse

P3  ball-cage normal force (N or lb)

Q load (N or lb)

Q average asperity borne load (N or lb)

Qr the radial component of the minimum (N or lb)
LI rolling element-race normal force

u •non dimensional load parameter (-)

the vector normal load per unit length (N/mm or lb/in.)
of the contact ellipse

R radius of outer ring groove centers (mm)

Re Reynold's number (-)

Rx,R effective radii of curvature parallel (mm or in.)
and transverse to the rolling direction
respectively

IS coordinate along the contact in the (mm or in.)direction perpendicular to rolling

friction

'Where multiple units are indicated, the first units given are
"those associated with the computer program input and output.
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NOMENCLATURE (CONTD)

Symbol Definition Units*

Sd diametral play (mm or in.)

T time (sec)

T long time duration cs c)

Ts starting time (sec)

TI,T2 traction forces (N or lb)

T traction force vector at a general (N or lb)
location within the contact

U characteristic speed (m/sec or in./sec)

V fluid entrainment velocity at the (m/sec or in./sec)
contact center

V volume of the nodal element (m or in. )

V voltage (volt)

3
V. volume flow rate through node i (m /sec)

V0  voltage over long time duration (volt)

Sx rolling velocity in x direction (m/sec or in./sec)

V rolling velocity in y direction (m/sec or in./sec)
y

X,Y,Z inertial coordinate system H-)

DCL diametral clearance (mm or in.)

EPSFIT user specified convergence criterion H-)

EPI, EP2 a user supplied convergence criterion (-)

EQ temperature equilibrium convergence (-)
criteria for Eq. (3-41)

NEQ number of equations in bearing solution(-)

S XCAV volume fraction of lubricant in bearing(-)
cavity oil/air mixture

" Where mult'iple unit's are indicated, the first units given arethose associated with the computer program input and output.
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NOMENCLATURE (CONTD)

Symbol Definition Units*

a a constant coefficient in Nusselt's (-)

number

a contact ellipse semi-major axis (in. or mm)

Ha free convection temperature-exponent (-)

b an exponent in Nusselt's number H-)

b half the contact width (in. or mm)

c an exponent in Nusselt's number H-)

c coefficient of specific heat (w/kg-DegC)

d exponent in free convection heat transfer (-)
equations

d9 cage-land diameter (mm)

"d m bearing pitch diameter (mm or ir..)

f the vector of friction force per unit (N/mm)[m length of the contact ellipse

g gravitational constant (m/sec /2nor

h elastohydrodynamic film thickness (mm or u-in.)

hc critical value of film thickness (mm or il-in.)

h the film thickness under fully flooded (mm or P-in.)
hf conditions

h starved plateau thickness (mm or U-in.)

hac film thickness calculated by Archard- (mm or i-in.)
Cowking formula

i j indices of heat flow nodes (-)

*Where multiple units are indicated, the first units given are
those associated with the computer program input and output.

xix



NOMENCLATURE (CONTD)

Symbol Definition Units*

noseparation distance between temperature (mm)
nodes

kre contact length, or in the case of an (mm)

elliptical contact area, 0.8 times theI: contact length

n numner of balls, total number of heat H-)
floi, nodes

maximum contact pressure (N/mm2 or psi)

q heat generation rate, net heat transfer (W)

q heat generated by fluid shearing between (W)
c the cage and land

qf fluid drag heat (W)

heat generated by shearing force in the (M)
ball-raceway and ball-cage inlet region

qi heat energy in the i-th nodal element (W)

q T heat generated by traction in the contact (W)
zone

qti heat carried by mass flow from node i (M)

q gi heat generated at node i (W)

qoi heat flow from all neighboring nodes to (IV)
node i

the heat energy transferred by radiation (IV)qRi,j between nodes i and j

qci,j heat flow transferred by conduction from (M)
Cl,) node i to node j

q the heat flow between nodes i and j (M)

q heat flow transferred by free convection (M)
qvi'j from node i to node j

*Where multiple units are indicated, the first units given are
those associated with the computer program input and output.
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NOMENCLATURE (CONTD)

Symbol Definition Units*

heat flow by forced convection from (W)
node i to node j

r groove radius (N or mm)

rm a vector from the rolling element center (mm or in.)
to the point of contact

r* meniscus distance from center of contact (mm or -in.)

along direction of rolling

t temperature (degF or degK)

u sliding velocity at the contact center (m/sec or
in./sec)

u sliding velocity vector (m/sec or
in./sec)

u1, u2  surface velocity of bodies 1 and 2 (m/sec or
"relative to the contact in./seL)

u sliding speed (m/sec or
s in./sec)

u* sliding speed at which traction coef- (m/sec or
F ficient is a maximum in./sec)

"x,y,z a local coordinate system established at (-)
each ball location

x sliding velocity scaled by u (in./sec or
s in./sec)

x ball axial position relative to the (mm or in.)
outer race

X maximum variation of x (mm)

Yl ball radial position relative to the (mm or in.)
outer race

maximum variation of y (mm)

I*Where multip1t units are indicated, the first units given are
those associated with the computer program input and output.
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NOMFNCLATURE (CONTD)

Symbol Definition Units*

zc ball center-cage pocket offset (mm or in.)

A diametral clearance between cage and land (mm or in.)

Ashaft displacement at a bearing location (mm or in.)

ADCL change in bearing diametral clearance (mm or in.)

AT a small increment of time (sec)

A5 angular distance between rolling elements (deg)

b bearing deflection vector (mm or rad)

lubricant replenishment layer thickness (mm)

¢(' cumulative distribution function of (-)
standard normal distribution

Sresistance of heat flow (degC/W)

angular velocity (rad/sec)

cage angular velocity (rad/sec) jc •.

res resultant resistance to heat flow (degC/W)

contact angle (deg)

scaling factor in modified Newton-Raphson (-)
technique

apressure-viscosity index (in. 2 /lb)

inner race contact angle (deg)

o outer race contact angle (deg)

o auxiliary contact angle (deg)

OL film coefficient of heat transfer by free (W/m2 degCa)
S~convection

*Where multiple units are indicated, the first units given are
those associated with the computer program input and output.
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NOMENCLATURE (CONTD)

Symbol Definition Units*

a film coefficient of heat transfer by (W/m2-degC)
W forced convection

temperature viscosity coefficient (l/degF)

ball speed vector pitch angle (deg)

the first variation H-)

Selastic deformation (mm)

6| 6x, 6 y 6 z the linear deflection components of Ab (mm)

Ssurface emissivity H-)

a small arbitrary constant H-)

Tn dynamic viscosity (lb-sec/in.)

P z 9the angular deflection components of Ab (rad):j ' z
A thermal conductivity (W/M-degC)

i!i A a viscoelastic constant (oil parameter) C-)

u traction coefficient H-)

1a coulomb friction coefficient H-)

'Pr iu scaled by H*

11EHD fluid traction coefficient H-)

maximum EHD traction coefficient H-)

Skinematic viscosity (m /sec)

v1, V2  Poisson's ratio for contacting bodies H-)

*Where multiple units are indicated, the first units given are
Sthose associated with the computer program input and output.
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NOMENCLATURE (CONTD)

Symbol Definition Units*

P dencity (kg/m3 )

P density of the oil (kg/mr3 )

P dimensionless meniscus distance H-)

a Stefan-Boltzmann radiation constant (W/m2_ DegK*)

RMS value of the distribution of (deg)
asperity slope angles

azimuth angle (Deg)

k') density function of standard normal C-)
distribution

starvation reduction factor {-)

Ot the film thickness reduction factor, (-)
due to heating 2

thermal diffisivity (mm /sec)

c cage orbital velocity (rad/sec)C

Sball orbital velocity (rad/sec)0

Sball angular velocity component about (rad/sec)
x the x axis

ball angular velocity component about (rad/sec)
the y axis

W z ball angular velocity component about (rad/sec)
z the z axis

Sfirst derivative of with respect (rad/sec 2

0 to time

Sangular velocity of ball in x,y,z (rad/sec)

coordinate system

*Where multiple units are indicated, the first units given are
those associated with the computer program input and output.
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SUBSCRIPTS

Symbol Definition

B refers to point where traction curve becomes
nonlinear

C refers to cage or conduction

N refers to current iteration

R refers to rolling or radiation

a, asp denotes asperity effect

f refers to fluid or flooded

Si denotes the i-th ball, i-th node, inner ring

denotes j-th node

k index denoting a specific time interval

m an index-denoting bearing component
*1

o denotes outer ring

s refers to sliding, starvation effect, or shaft

t refers to thermal effect

v refers to free convection

w refers to forced convection

x,y,z denotes components of vector quantities with
respect to x, ), and z coordinates

1,2 refers to bodies 1 and 2

xxv



SECTION 1

INTRODUCTION AND SUMMARY

Present as well as anticipated future operating require-
ments of high speed gas turbine engines functioning as aircraft
power plants demand a sophistication in the bearing design and i
selection that is unprecedented in the history of mechanical
engineering. The bearing's characteristics as a heat generator
affects the engine cooling requirements: deflection character-
istics are critical to rotor system stability; life and skid-
ding characteri3tics are a chief determinant of the engine's
reliability and maintainability performance.

The thermal, elastic and reliability performance of a bear-
ing is the net result of a complex series of interactions
between the bearing design parameters, material and surface j|
finish characteristics, operating conditions and lubricant
properties. Consequently, bearing design engineers have come
to rely upon digital computer programs to help fathom these
interactions and assess and predict bearing performance.

The earliest of such programs essentially solved the stati-
cally indeterminant problem of finding the load distribution
at the equilibrium position of the bearing rings, considering
only the forces of elastic deformation on the ball set. Life
prediction due to the subsurface originated contact fatigue
failure mode was calculated using Lundberg-Palmgren theory.
Through an assumption regarding ball kinematics, heat genera-
tion rates were predicted using a Coulomb friction model.

Subsequently programs were developed that 1) calculated
EHD film thick.iess wherefrom the likelihood of surface originated

-1 spalling failure could be gaged, 2) treated the bearing balls
as six degree-of-freedom rotators acted upon by fluiJ drag
forces resulting from the resistance of a lubricant-air mixture
and viscous forces due to Newtonian shearing of lubricant in
the contact zone.

Improvements in bearing analysis computer programs were
accompanied by parallel developments in lubrication research
that brought greater illumination of the role of lubrication
in rolling contact systems. In particular the non-Newtonian
nature of the contact traction in the lubricated contacts was
confirmed by many researchers. Additionally, the occurrence
of lubricant film starvation was observed and explained and
quantitative methods were developed for assessing the magnitude
of the life reduction due to operation in the partial EHD regime
i.e., where the ratio of the elastohydrodynamic film thickness



to the composite surface roughness of the controlling bodies

LI is less than 3.0.

The objective of USAF Contract No. F35615-72-C-1467 (Navy
MIPR No. M62376-3-000007) was to put the latest lubrication
research results in the hands of the bearing designer by pro-
viding him with a thoroughly contemporary bearing analysis
computer program that incorporates these models as modular
subroutines.

The work required to fulfill this objective involved both
the adaptation of existing models and the development of new
theoretical extensions. Additionally, it involved the determina-
tion of model parameters and model corroboration via tests
conducted in an optical EHD rig equipped to measure contact
traction.

The models in final form were incorporated into a Fortran IV
bearing analysis computer program designated AT74YOOi and
applied, first to bearing test data compiled under NASA sponsor-
ship for preliminary appraisal, and then to the results of a
specially conducted series of full scale tests at speeds up
to 3 x 106 DN, for final validation.

ii Specifically, the new models are as follows:

1) An E1ID film thickness model that accounts for
i) thermal heating in the contact inlet using a
regression fit to results obtained by Cheng {1}
and ii) lubricant film starvation using theoretical
results derived in the present program.

2) A new semi-empirical model for fluid traction in an
EHD contact is combined with an asperity load sharing
model developed by Tallian {2} to yield a model for
traction in concentrated contacts that reflects
the state of lubrication as it varies from boundary,
chrough partial EIID to the full MIiD regime.

3) A new model for the hydrodynamic rolling .. nd shear
forces in the inlet zone of lubricated contacts
accounting for the degree of lubricant film starva-
tion.

4) Normal and friction forces between a ball and a cage
pocket are modelled in a way that accounts for the
transition' between the hydrodynamic and elastohydrodynamic
regimes of lubrication.

Numbers in brackets refer to list of references at the end of
this report.
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S) A model for the effect on fatigue life of the ratio
of the EHD plateau film thickness to the composite
surface roughness.

Additionally models for temperature viscosity and pressure
viscosity variation as functions of temperature given by Walther
{3} and Fresco {41 respectively, have been adopted.

The computer program in which the mathematical models have
been incorporated is a very general one which is structured to
analyze system performance of an arbitrary flexible shaft
configuration supported by up to five bearings. In the present
program embodiment, the models developed under this contract, A
and reported herein, have been incorporated into the ball bear-
ing solution, and have been checked under pure axial loading.
Operation of the program under conditions of combined thrust,
radial and moment loading remains to be performed. The roller
bearing routine requires a different form of input from that
which the program is presently written to accept, consequently,
revisions to the program are necessary prior to obtaining
roller bearing solutions with these new models.

This volume is a design manual that fully describes the
use and operation of the powerful design tool and Computer
Program AT74YO01 represents.

Section 2 contains a general discussion of the bearing
analysis computer program highlighting its organization,
scope and options.

Section 3 contains analytical details of the ball bear-
ing problem formulation technique, including the calculation
of ball orbital speed variation that justifies the sobriquet
"quasidynamic" for the ball bearing solution. Section 3 also
contains a description of the friction and normal forces andanalytical expressions for the inertia force components acting

on a ball. Finally it contains the details of the equilibrium
calculation for the bearing cage and the calculation of heat
transfer coefficients and thermal equilibrium.

~-A
Summary descriptions of the models developed and employed

in this program are given in Section 4.

Section S contains the .etailed instructions for preparing
program input data.

Section 6 is a detailed description of the output provided
by the program.

3
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Section 7 is a comparison of the program's predicted values
for several key variables to the values actually measured in
full scale tests of 125 mm bore angular contact bearings con-
ducted over a wide range of loads and speeds.

Section 8 contains a discussion of the results of parametric
runs of the computer program elucidating the effect of load,
speed, lubricant replenishment, amount of lubricant in the bear-
ing cavity and free contact angle upon various predicted quanti-
ties. Interpretations are advanced in terms of the characteris-
tics of the mathematical models employed.

J Appendix A contains added background material applicable
to using the program's thermal options. Appendix B contains
the input data preparation forms and an example of their pre-
paration. Appendix C is a sample set of program output for a
thrust loaded ball bearing solution. Appendix D is a sample
set of output from the thermal solution.

Additional material on the details of model development,
the design and instrumentation of the rig for full scale bear-
ing tests and the model corroborative tests is contained in
two interim reports {6, 7}.

Computer program AT74YO01 is available to qualified users
for government purposes. Requests may be addressed to AFAPL/SFL,
WPAFB, Ohio 45433.

4



SECTION 2

COMPUTER PROGRAM ORGANIZATION AND SCOPE

2.1 PROGRAM GUIDELINES

In selecting a ball bearing analysis program into which to
build the mathematical models developed under Contract No.
F33615-72-C-1467, the choice was made to use computer programAE72Y003 assembled under a U. S. Army Contract (No. DAADO5-73-
C-0011). Program AE72Y003 is applicable to the analysis of a
complete shaft-bearing system containing up to five ball and
non-thrust-carrying cylindrical roller bearings.

The modified program has been given the number AT74YO01 and
enjoys the same latent capability as program AE72Y003, however
at this writing the mathematical models developed under Contract
F33615-72-C-1467 are only accessed by the ball bearing routine
of AE72Y003. The roller bearing routine requires a different
type of data input and therefore cannot be used in its present
form.

The program is structured to make the cylindrical bearing
portions operational with minimal additional work. Input and
other functional descriptions presented in this Design Manual
accordingly make provision to include the cylindrical bearing.

Guidelines followed in developing Program AE72Y003 and in
the modification under the present contract were as follows:

1. Maximized use of modular subroutines to facilitate

program updating

2. Maximized programming emphasis on ease of user input

3. Utilization of Fortran variable identification immediately
recognizable by the engineer user

4. Liberal use of comment statements, in engineering
language, throughout the program

5. Emphasis on direct, and simple, programming techniques
for ease in future program refinements and updating.

6. Definition of output data in clear, concise, and
titled formats.

2.2 GENERAL PROGRAM

At its most general application the program simulates the behavior
of a system having up to five ball or roller bearings supporting

5
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a flexible solid or hollow shaft of arbitrary design. Under
the action of a prescribed set of point, distributed and
"moment loads, the elastic deflection curve of the shaft is
determined as the unique shape for which the applied forces
on the shaft equilibrate the angular and radial reactions
exerted on the shaft by the bearings, as the bearing rings
undergo relative angular, radial and axial deflections. I

Additionally the heat generated by the bearings due to
lubricant and asperity friction in the contacts between rolling
elements and raceways and by lubricant friction 1) in the
contact inlet region, 2) at the rolling element-cage pocket
contacts and 3) over the cage-ring contact region is calculated
and added to the heat generated by windage between the rotating
ball set and the oil-air mixture that fills the bearing cavity.

The heat generated at the bearings and from any other
specified heat sources (such as gears) having a known heat
generation rate, is used in a system thermal balance to yield
either the steady state or the transient temperature distribu-
tion throughout the mechanical system in which the shaft-bear-
ing system functions.

Additionally the program accounts for the effect on bearing
clearance of the initial shaft and housing fits, radial thermal
gradient, centrifugal expansion and radial deflection under
the rolling element loads.

Inasmuch as changes in bearing clearance affect the ring
equilibrium positions and heat generation rates, the program
may be used in an iterative mode to determine a self-consistent
final solution. At the user's option several intermediate
levels of problem simplification may be elected whe., the full
solution is not needed or desired. For example the temperature
calculation can be dispensed with and the solution found
under a known or assumed steady state temperature distribution.
Additionally it is possible to ccnsider only the equilibrium
of the elastic and centrifugal forces (i.e. neglect friction
and other inertia forces) in calculating bearing equilibrium
position, leading to a rapidly convergent first approximation
solution.

2.3 A TYPICAL SYSTEM

• - Figure 2-1 illustrates a typical system to which the thermal
analysis portion of this program may be applied (the bearing

* analysis portion of the program in its present form is limited
to ball bearings only). The shaft is hollow, irregularly
shaped and has an integral bevel gear.

6
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The gear tooth load gives rise to axial and radial load
components on the shaft.

Under the action of these forces the shaft will deflect
and the rings of the ball bearings will undergo relative radial,
axial and angular deflections. The rings of the cylindrical
bearing will undergo relative radial and angular deflections. !
Axial translations of the rings are not considered since the I
inner ring is flangeless.

The relative ring deflections result, in turn, in deflec-
tions of the balls and rollers. In the deflected shape finally
assumed by the shaft the forces and moments applied to the
shaft by the bearing reactions will equilibrate the applied
loads (the gear tooth loads in the present context).

Simultaneously the ball and roller loads due to elastic
contact, inertia and friction forces acting upon the bearing
are reacted by the inner ring and are in equilibrium with the
forces that the deflected shaft imposes on the inner ring.

In its equilibrium position each bearing will generate
heat due to lubricant shearing and windage. This heat will be
dissipated throughout the structure via convection, conduction,
radiation and fluid flow (mass translirt) and the structure's
temperature will rise until each point in the structure reaches
a steady state or thermal equilibrium temperature.

The program calculates the steady state or transient
temperature distribution of a collection of points or "nodes"
established by the user throughout the structure via user
supplied data describing how heat is transmitted between the
various nodes. A typical node selection scheme is illustrated
in Fig. 2-1. Selection of nodes is discussed in {2) in general
terms for heat flow analysis, and in specific terms to the
computer program in Sections 3.7, 3.8, 3.9, 5.1 and 5.4.

2.4 GENERAL LOGIC DIAGRAM - SYSTEM LEVEL

Figure 2-2 is a general flow chart of the solution scheme.
Refering to this flow chart, it is seen that subsequent to
reading the input data, the system variables that depend upon
temperature, i.e., lubricant viscosity and temperature viscosity
coefficient are calculated. These calculations are performed
using the assumed system temperatures, if no temperature
distribution is to be calculated, and initial guesses at
system temperature, if an iterative calculation of the tempera-
ture distribution is to be performed.

S28
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The program next calculates the bearing operating clearance
accounting for thermal, centrifugal and elastic expansion
using approximations for the ball and cage speeds and
loads.

Thereafter the program calculates the shaft and bearing
deflections and other bearing operating parameters. (This
calculation may be performed at several levels of complexity
and is discussed later in this Section.)

Having solved for shaft-bearing equilibrium, the bearing
clearance is rechecked and if it is too far different, according
to a user specified accuracy criterion, from the initial value,
the calculation is iepeated with a modified clearance.

When the clearance accuracy requirement is met, the program
proceeds to calculate a temperature distribution, if required.
If a steady state solution is sought the temperatures are compared
with those initially assumed and if too far different as judged
by a user specified criterion, the entire calculation is repeated
as indicated on the flow chart. When the results are sufficiently
accurate, the program output is printed.

If a transient solution is desired the program calculates
* and prints the temperature distribution at time intervals

specified by the user until it has been calculated at the latest
time of interest. At intermediate times in the transient solu-
tion the program will loop through the initial part of the
program in order to calculate updated heat generation rates
with a frequency specified by the user. When time-up is
achieved the complete shaft-bearing output is printed as well
as the temperature distribution.

2.5 LOGIC DIAGRAM SHAFT-BEARING EQUILIBRTUM CALCULATION

Figure 2-3 is a more detailed flow chart of the section
of zhe program shown as the shaft-bearing equilibrium calcula-
tion in Figure 2-2.

The calculation begins with a determination of the
relative positions of the bearing rings. Approximations are
used initially and are then refined as calculation proceeds.

If the user wishes a full solution considering all friction,
inertia and elastic contact forces acting on the rolling element
and cage, the right hand branch is followed.

r5
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Having calculated the forces that the ball and cage transmit
to the inner ring, inner ring equilibrium is checked. The
assumed inner ring position is then modified if necessary
until an accuracy criterion is met.

Two less stringent levels of solution are possible and
often useful. They involve the omission of the friction and
all but the centrifugal force among the inertia forces from the
inner ring equilibrium calculation. Having satisfied inner
ring equilibrium under these conditions the user may then
1) evaluate the bearing component equilibrium and heat generation
rates using all of the forces, but without rechecking for inner
ring equilibrium or 2) omit this addi'ional evaluation and
proceed.

2.6 HIERARCHICAL FLOW CHART

The hierarchical type flow chart given in Fig. 2-4 presents
the program ftructure, listing the program elements in the order
in which they would be called to solve the shaft-bearing dynamic,
as well as stea" state and transient temperature distribution

T problems. The -- -ous solution loops are indicated, as well
as notes which i. ',cate the functions of various subroutine
groupings.

Each line in the flow chart represents a program element,
subroutine, function or the main program ALWAYS. The call of
one subroutine by another is denoted by indenting the called
subroutine relative to the routine doing the calling. As an
example, subroutine SKF calls subroutines FLAGS, TYPE, FITSET,
SIGEOM, LUPROP, LUBCON, DATOUT, CONVRT and CONS. Subroutine CONS
calls CONST, SPRING and VLOG. CONST calls BCON and TCOT and
BCON calls ELCOM.

-* The first mention of a subroutine within the flow chart
includes the entire list of subordinate program elements.
At subsequent calls to that subroutine the list of subordinate
elements is omitted but the elements are called nevertheless.
As an example the first call to subroutine AXLBOJ is followed

-. by the subordinate elements JMVIKT, SNITMT, NUMLOS, DUBSIM,
MEIE, MEIL and SIMQ. After the call of AXLBOJ from INDEL,
the subordinate elements are not listed but are, nevertheless,
employed. The list of subordinate program elements are omitted
in repeated calls of subroutines GUESS, BEAR, CGBAL, SOLVXX and
DELIVR as well as AXLBOJ.

The program occupies just under 100,000 words in a Univac 1108.
If the Program is too large to fit in its entirety on the user's
computer, segments ef the program may be "overlaid".

12
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For this purpose the Program is subdivided into nineteen (19)
numbered modules which can be sequentially "overlaid". The
number in parentheses to the right of the element name, cor-
responds to the module in which the given element belongs.

The Program segments SKF, TEMPIN, SHAFT and GUESS all
perform initiation functions and with the exception of GUESS,
are called only once per program execution.

The real problem solving portion of the program is
embodied in segment ALLT. Within this segment the shaft bear-
ing solution is obtained through the call to SHABE, then the
steady state or transient temperature distributions are obtained.
This scheme is repeated until the end objective, steady state
thermal equilibrium or time up for the transient scheme, is
realized.

The nonlinear equation solver SOLVXX is central to the
program and deserves special discussion as related to the flow
chart. The first call to SOLVXX is from BEAR. Only for this
first call are all of the SOLVXX subordinate subroutines
4isted as noted earlier. These include INSOLV, EQS, PARDER,
SIMQ, EQCHEK, and ERCHEK. In the subsequent call to SOLVXX
in which the steady state temperatures are being calculated,
the above listed subroutines are again called but these calls,
with the exception of EQS, are not listed on the flow charts.

EQS is the name given by SOLVXX to either of two subroutines
which set up the system of equations to be solved. EQS is
brought into SOLVXX through the argument list. When the
bearing equations are being solved, subroutine BRGEQ is brought

i*1 into SOLVXX and within SOLVXX is referenced by the name EQS.
When the heat transfer equations are being solved as a consequence
of the call of SOLVXX from ALLT, NET is brought into SOLVXX
and is referenced as EQS.
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SECTION 3

ANALYTICAL FORMULATION

3.1 THE BALL BEARING SOLUTION

Figure 3-1 shows a coordinate system (XYZ) fixed at the
geometric center of the plane of the outer ring groove centers
of a ball bearing. The angular coordinate (azimuth angle)
locates a radial plane through the center of one of the balls.

A local coordinate system x, y, z is established at each
ball location with origin at the outer ring groove center.
This coordinate system rotates with the ball. The z direc-
tion is tangential to the direction of rolling, the y direction
is radial and the x direction is parallel to the outer ring
centerline (i.e. parallel to the X direction).

Figure 3-2 shows a radial section at an arbitrary azimuth
angle 0 through an angular contact ball bearing. The contact
angles between the ball and the inner and outer races are shown
as ai and ao, respectively.

In the local coordinate system the ball center has coordin-
ates x and y. In general the coordinates of the ball center in
the local system will vary with azimuth angle 0, i.e., the
balls, as they travel around the ring, will undergo small radial
and axial excursions. We indicate the dependence of the ball
center position on azimuth angle by writing its coordinates
as x(O) and y(o).

3.1.1 Ball Motions

Returning to Fig. 3-1, the rotational velucity with which
the moving coordinate system rotates about the X axis is desig-
nated w. and is also assumed to be a function of azimuth angle
i.e. wo = wo(o).

The ball is assumed to rotate relative to each of the axes
in the moving system of coordinates. The angular velocities
about each of the axes x, y, z are denoted wx, w and wZ
respectively and are shown as the orthogonalxcom onents of the
ball auto rotational velocity vector w in Fig. 3-1.

(Zc)l denotes the circumferential displacement between
the center of the ball arbitrarily designated ball No. 1
at azimuth location 0= *1, and the cage pocket center.

The value of the ball center-cage pocket center offset zcapplicable at other ball positions is deduced in terms of the

is
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value zcl at ball position No. 1 and the orbital speeds.

In so doing it is assumed that a ball's orbital velocity
remains constant as it traverses the distance corresponding to
half a ball spacing on either side of the ball's nominal azimuth
position. As i't enters the azimuth location of the next adjacent
ball the orbital speed undergoes a step change. This is
illustrated in Fig. 3-3 for ball Nos. 1 and 2. The top half
of Figure 3-3 is a plot of the assumed variation of orbital
velocity with respect to ball position.

The cage orbital velocity is denoted by wc and is assumed
uniform and equal to the average of the ball orbital velocities
i.e.

n
_ 1 (W) (3-)

i=l (

where n is the number of balls

The distance between ball positions is the quotient of
the circumference ndm of the locus of ball centers (neglecting
small excursions) and the number of balls n. The time AT for
the cage to traverse this distance is then

AT- dmdm d 77T (3-2)
n 2 c =

In this time period the center of ball No. 1 moves a
distance of

AT A

2I 2AT) + dm AT dmAT (•-•(W) -+ -- •(1 (I-T) = - [(wo)1+(wo212 (3-3)2 0 2 2 (o24

The distance between ball and cage pocket centers at ball
position No. 2 is then given as the sum of the initial separa-
tion (zc)l, the distance the cage center moved, less the dis-
tance the ball center moved, i.e.

(ZC) (z )I + Trdm _ dmn L L('-o)i + (wo) 23 (3-4)

n 4
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or, using AT = 2n/nwc

(Zc)2 = (zc)1 + [ 1- )1 + (0)2] (3-5)
n 2WC

3.1.2 The Unknowns for a Ball Bearing Problem

Equation 3-5 is applied successively to give the distances
between the ball and cage pocket centers at succeeding azimuth
positions. If the six quantities x, y, w x, - 9z for each
value of *(i.e. at each of the n balls) and the additional
quantity (Zc)1 were known, the complete system of forces on the
bearing and cage could be determined. x and y for example
govern the amount of elastic contact deformation and hence contact
force at each contact. The velocities and their rate of change
govern the lubrican;. shear forces and inertia forces and
(zc) 1 determines cdge-pocket normal force at each of the
contacts.

Solving the ball bearing problem consists of finding the
value of these 6n + 1 quantities for which the balls and cage
are in equilibrium under an assumed relative displacement of
the bearing rings. This is done by an iterative scheme in which
the values of the unknowns are assumed, the forces calculated
and equilibrium checked.

Having converged to a solution the associated forces acting
on the inner ring are re-solved and tested for equilibrium
with the forces imposed by the shaft on the inner ring. The
assumed relative ring displacements are then modified and the
process repeated until inner ring equilibrium is achieved as
discussed above.

3.2 FORCES ACTING ON A BALL

At a given azimuth location a ball is acted upon by normal
and friction forces whose magnitudes and directions are directly
expressible in terms of the azimuth dependent unknown velocity
and displacement components, x, y, os, W 9, Wy, Wz and zc.

These forces are described as follows. Subscripts 1, 2 and
3 refer to ball/outer race, ball/inner race and ball/cage web
forces respectively.

1. The normal forces Pj and P 2 act normal to the ball
surface within the outer and inner raceway contact
ellinses. These forces are related to the displacements
x(f) and y(O) by the equations of contact elasticity {6W.

20



2. The ball-cage normal force P3 is directed along the
circumferential direction coincident with the z axis
of the ball. Its calculation is given in Section 4.

3. The windage force Fw acts through the center of the
ball in the z direction. It is related to woo

4. Pumping forces FR1 and FR2 act in the outer and inner
race contacts in the plane perpendicular to a line i
passing through the center of each ellipse and the
ball center. These forces arise as a result of the
lubricant being pumped into the high pressure
Hertzian contacts.

5. Traction forces T1 and T, arise within the contact

region due to a combinrik.n of fluid and asperity
traction. These forces are calculated by summing the
values calculated on individual subelements of each
contact ellipse using a partial EHD model. The line
of action of these forces makes an angle with the
rolling direction.

6. Inlet friction forces FS1 and FS2 arise from fluid
shear when gross sliding is present. The direction
coincides wit! the ball-race sliding velocity vector
at the center of the contact.

7. The normal components Fnl and Fn2 of the resultant
force of the inlet pressure distribution act opposite
to the direction of rolling.

8. The tangential forces FR3 and FP3 due to inlet rolling

and shearing resistance between the ball and the cage
web act radially on the cage pockets.

Analytical express ,ns for the forces described in terms

2-8 above are given in _.ction 4.

3.3 INERTIA FORCES AND MOMENTS ACTING ON A BALL

As discussed above, the ball, in travelling between azimuth
locations, is forced to undergo changes in its auto-rotational
velocity components (xW and wz as well as in its orbital
velocity wo about the X axis of the stationary coordinate system.
The forces which must act on a bali to produce time variations
in its auto rotational and orbital velocities may be deduced

21
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from Newton's Laws of motion as follows:

F [) =m f - o(R+y) (3-6)
•IFz 2 ~o•" + '•o(R+y)

where Fx, Fv and Fz are the components of the forces in the
rotating cobrdinate system attached to the ball, m is the
ball mass x and y are the ball center displacements shown in
Fig. 3-2, and R is the radius of outer ring groove centers.

A rough estimation assuming stable operation yields that
the term x is smaller than w 2 (R+y) by a factor of the
order of xm/R, where xm is the maximum variation of x.
Similarly, the terms y and 2 ýoy are smaller than wo2 R by
a factor in the order of ym/R where ym is the maximum varia-
tion of y. Note that both xm/R and ym/R are very small
in magnitude. The second derivatives with respect to time of
x and y are thus neglected as is the Coriolis term 2wok. The
term o is expressible as follows;

d]od = dwo dO dW0  (3-7)

The term dw° is approximated for ball i as follows;: dO

"[do1 ("°o)i+l - (Wo)i- (3-8)

d = 2tAý

where A~is the angular distance between rolling elements.

The moments necessary to cause the ball velocity to change
are as follows;

22M (3-9)

z 0 oy
22



• I'•

22where J is the moment of inertia of the ball given by •

J = MD2 /10 (3-10).1

and D is the ball diameter.

The time variation of the autorotational velocity components
3x' .y and (Oz are approximated in the same manner as w e.g.

ýOX.[(WX)i+ 1 - (XilW(-1SiK¢ ~(3-11) ,
2AO

Using D'Alembert's principle, forces -F and moments -M
calculated as described above are imposed on the ball along
with the other forces and moments due to frictional and contact
forces. The combined system of forces is then regarded as bei--
in static equilibrium.

Because the time rates of change of lo, Wx, y and z
are included by approximation as described above, the analyticaltreatment is considered to be quasi-dynamic as distinct from
analyses wherein these terms are neglected and only the centri-
fugal force m wo 2 (R+y) and gyratory moments JwR wZ and -Jwo wy
are considered. The description "quasi-static" has been
applied to solutions of this type.

3.4 CAGE MODEL

Program AT74YO01 contains a model for either an inner ring
or an outer ring guided cage.

Figure 3-4 shows a schematic representation of an inner
ring riding cage. The diametral clearance between the cage and
the land is denoted by A.

The cage pocket webs are acted upon by normal and tangential
forces which are applied to the leading or trailing edge of the
pocket depending upon whether the ball is driving or being driven
by the cage at a given azimuth position.

For cage equilibrium the sum of the pocket force components
in the Y and Z directions will be equilibrated by a hydrodynamic
force acting on the cage/ring guide surfaces which is developed
by the cage's moving out of concentricity with respect to the
rip.g.

23
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Expressions for the Y and Z components of cage reaction
force as well as the moment about the bearing axis were developed
as a function of cage eccentricity using the theory of short
journal bearings. These results are given in the First Interim
report {5}.

The assumption has been made in Computer Program AT74YO01
that the cage pocket forces are in near equilibrium i.e., the
resultant cage/land normal force is negligibly small and the cage
remains concentric with the ring. It is additionally assumed
that the cage and the bearing ring that guides it, undergo no
relative out-of-plane rotation.

The only condition thus remaining for cage equilibrium is
that the resultant moment about the cage axis due to the cage
pocket forces equilibrate the moment Mc due to fluid friction
between the cage and the ring land.

For a concentric rotator, Mc is given by,

Mc = niw- wc Acdi 2  (3-12)

2

where:

Mc = Torque acting on the cage, (in-lb)

S= Angular velocity of the ring (inner or outer) that
guides the cage (rad/sec)

Wc = Cage angular velocity (rad/sec)

= Dynamic viscosity (lb-sec/in)

2Ac = Cage-land surface area (in2)

d£ = Cage-land diameter (in.)
= Cage-land diametral clearance (in.)

3.5 BEARING GENERATED HEAT

The bearing generates hiat at the following locations:

1) In the ball-race contact regions due to frictional
sliding

25



2) In the ball-race contact inlets due to fluid pumping
and shearing forces

3) In the ball-cage pocket contact inlets due to fluid
pumping and shearing forces

4) Between the cage and land due to fluid shearing

5) At the ball-lubricant interface due to fluid drag

3.5.1 Contact Regions

The heat generated by traction in the contact zone is
computed as

qT= " ds (3-13)

-a

where T = traction force vector at a general location
within the contact

u = sliding velocity vector associated with the
same location as T

s = coordinate along the contact in direction
perpendicular to rolling

"a = contact ellipse semi-major axis

The calculation of the traction vector T is considered inSection 4.4.

3.5.2 Inlet Regions

In the ball-race and ball-cage inlet regions the heat
generated due to the shearing for:e FS and sliding force FR
is calculated as,

= 2 FRV + FsU (3-14)

where V = fluid entrainment velocity at the contact
center

u = sliding velocity at the contact center

Calculation of FR and FS is discussed in Section 4.6.

26



3.5.3 Cage-Land

The heat generated by fluid shearing between the cage and
land is calculated as the product of the cage friction moment
and rotational speed, i.e.,

qc Mc "1• - WcI (3-15)

where Mc is given by Eq. (3-12) and 1w -wcl is the
absolute value of the difference between the cage
speed and the speed of the ring that guides the cage.

3.5.4 Fluid Drag

The heat generated at the bearing by the fluid drag force
is the product of the drag force Fw and the cage speed i.e.

q Pw = •w (3-16)
2

where dm is bearing pitch diameter
I° wc is the cage angular speed
d Fw is the fluid drag force described in Section 4.7

3.S.5 Summarization of Heat Generation Rates

Program AT74YO01 calculates and prints the heat generated
at the outer and inner ring contacts by summing qT and q
computed by Eq. (3-13) over all balls. Similarly the values of
qj at all cage-ball contacts are summed and printed as a separate
item.

The cage land heat generation rate and the ball drag heat
generation rate summed over all the balls, are printed as
separate items.

Further, the total heat generation is calculated
and printed.

If a thermal analysis is to be performed to determine the
transient or steady state temperature distribution in a struc-
ture using calculated heat generation rates, the user has the
option of separately apportioning the inner race, outer race,
cage-land and combined drag and ball-cage pocket heat generation

27
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rates between user designated points distributed within the
structure. This point is discussed in more detail in Section
5, INPUT DATA PREPARATION.

3.6 TEMPERATURE DISTRIBUTION CALCULATION

Program AT74YO01 is capable of determining the steady
state or equilibrium temperature distribution within a structure
of general shape, as well as its transient temperature distribu-
tion i.e. the temperature distribution at selected time inter-
vals after some arbitrary "start up" time.

The structure to be analyzed is conceptually divided into
a number of elements or nodes. The net heat flow qi into any
node i is a function of the temperature of node i and the temp-
eratures of all the other nodes that communicate thermally
with node i. The form of the function depends upon how heat
is transferred between the other nodes and node i. Conduction,
radiationconvection and mass transport or fluid flow are all
possible mechanisms for the transferral of heat from node j
to node i. Expressions for the amount of heat transferred by
these various mechanisms are given subsequently.

3.6.1 Steady State Temperatures

When the system is in thermal equilibrium the net heat
energy qi into the i-th nodal element is zero. The steady
state temperature distribution is thus found by solving the

'I system of equations,

qi= 0 i 1, 2 .. n (3-17)

where n is the total number of nodes estaolished
qi i3 a function of some subset of the nodal steady

state temperatures.

3.6.2 Transient Temperatures

In the transient case the net heat q- transferred to a
node i heats the element. It is thus necessary for heat balance
at node i that the following equations are satisfied.

pCpi Vi ti =qi (3-18)

28i
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where p = density
Cv = specific heat .

= volume of the element J
t = temperature
T = time

The temperatures, toi, at the time of initiation T =T are
assumed to be known, that is

ti(Ts) = toi i = 1, 2,..., n (3-19)

The problem of calculating the transient temperature I
distribution in a bearing arrangement thus becomes a problem
of solving a system of non-linear differential equations of -
the first order with certain initial values given. The equations
are non-linear since they contain terms of radiation and free
cenvection, which are non-linear with temperature as will be
shown later. The simplest and most economical way of solving
these equations is to calculate the rate of temperature in--
crease at the time T = Tk from equation 3-18 and then calcu-late the temperatures at time Tk + AT from

dtk qk
dTt + ' +a (3-20)k+l -k dT A k+PCv T

If the time step AT used as program input is chosen
too large, the temperatures will oscillate, and if it is chosen
too small the calculation will be costly. It is therefore
desirable to choose the largest possible time step that does
not give an oscillating solution. The program optionally cal-
culates such a time step. The step is obtained from the condi-
tion,{10}

dtik+ > 0 i = 1, 2,..., n (3-21)

dik -

If this derivative were negative, the implication would
be that the local temperature at node i has a negative effect
on its future value. This would be tantamount to assertingthat the hotter a region is now, the colder it will be after
an equal time interval. An oscillating solution would result.
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Differentiating equation (3-2C) for node i, one has as
condition (3-21),

dti dqi 0, i = 1, 2,... n (3-22)

=ik i dt.

The derivative dqi/dti is calculated numerically

dqi qi(ti + Ati) - qi(ti):! • Ati(3-23)
dti Ati

For each node the value of AT. giving a value of zero to
the right hand side of Eqn. (3-22) is calculated.

A value of AT rounded off tc. one significant digit smaller
than the smallest of the ATi given by Eq. (3-22) is used.

3.7 CALCULATION OF HEAT TRANSFER RATE

The transfer of heat within a medium or between two media
can occur by conduction, convection, radiation and fluid flow.

All these types of heat transfer occur in a bearing appli-
cation as the following examples show.

1. Heat is transferred by conduction between inner ring
and shaft and between outer ring and housing.

2. Heat is transferred by convection between the surface
of the housing and the surrounding air.

3. Heat is transferred by radiation between the shaft
"and the housing.

"4. When the bearing is lubricated and cooled by circulating
oil, heat is transferred by fluid flow.

Therefore, in calculating the net flow to a node all the
above mentioned modes of heat transfer will be considered.

3.7.1 Generated Heat

There may be a heat source at node i giving rise to a heat
flow to be added to the heat flowing from the neighboring nodes.
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In the case that the heat source is a bearing, it may
either be considered to produce known amounts of power, in which
case constant numbers are entered as input to the program, or
the shaft-bearing program may be used to calculate the bearing
generated heat as a function of bearing temperatures as discussed
in Section 3.5.

3.7.2 Conduction

The heat flow qcij which is transferred by conduction
from node i to node j, is proportional to the difference in
temperature (ti - ti) and the cross-sectional area A and
is inversely proportional to the distance I between the two * I
points, thus

L A
q.. = (ti-t.) (3-24)
cij iji

where ) = the thermal conductivity of the medium.

3.7.3 Free Convection .1
Between a solid medium such as a metallic body and a

liquid or gas, heat transfer is by free or forced convection.
Heat transfer by free convection is ca'tsed by the setting in
motion of the liquid or gas as a result of a change in density
arising from a temperature differential in the medium. With 71

free convection between a solid medium and air, the heat |
energy qvi j transferred between nodes i and j can be calculated
from the equation, { 2)

q = A Iti-tjld - SIGN(t.-t.) (3-25)
vj.j v 1I

where av= the film coefficient of heat transfer by free
convection

A = the surface area of contact between the media
d = is an exponent, usually r 1.25, but any value

can be specified as input to the program
{ ifty tj

sign(ti - tj) =
31if t< t

31



The last factor is included to give the expression qvi,j
a correct sign.

The value of o can be calculated for various cases, see
Jacob and Hawkins, 11O0.

3.7.4 Forced Convection

11 Heat transfer by forced convection takes place when liquid
or gas moves around a solid body, for example, when the liquid
is forced to flow by means of a pump or when the solid body is
moved through the liquid or gas. The heat flow qwij transferred
by forced convection can be obtained from the following equation.

*I qw .=q a A(ti - t.) (3-26)

where aw is the film coefficient of heat transfer during
forced convection. This value is dependent on
the actu *ape, the surface condition of the
body, th. Eference in speed, as well as the
propertiA- -f the liquid or gas.

In most cases, it is possible to calculate the coefficient
. of forced convection from a general relationship of the form,

Nu = aRebP c (3-27)
er

where a, b, and c are constants obtained from handbooks,
such as { 2) . Re and Pr are dimensionless numbers
defined by

N = Nusselt's number = aw L/X
= characteristic length

X = conductivity of the fluid
Re = Reynold's number = ULp/n

U - characteristic speed
P = density of the fluid
T = dynamic viscosity of the fluid

Pr = Prandtl's number r= fp/X

Cp =specific heat

32



The program can use a value of the coefficient of convec-
tion, or let it vary with actual temperatures, the variation
being determined by how the viscosity varies. Input can be
given in one of four ways, for each coefficient.

Constant viscosity

1. Values of the parameters of equation (3-27) are given
as input and a constant value of aw is calculated
by the program.

Temperature dependent viscosity

2. The coefficient awfor turbulent flow and heating of
petroleum oils {25} is given by

.1
a n(t) k 1 (3-28)

where k 9 and klo are given as input together with viscosity
at two different temperatures.

3. Values of the parameters of equation (3-27) are given
as input. Viscosity is given at two different
temperatures.

3.7.5 Radiation

If two flat parallel, similar surfaces are placed close
together and have the same surface area A, the heat
energy transferred by radiation between nodes i and j represent-
ing those bodies, will be,

qi EoAut+273) 4 - (t.+273) 14] (3-29)

where c is the surface emissivity. The value of the
coefficient c is an input variable and varies

between 1 for a completely black surface and 0
for an absolutely clean surface. In addition
a is Stefan-Boltzmann's radiation constant
which has the value 5.76 x 10-i watts/mZ.(OK) 4

and ti and tj are the temperatures at points i
and j.

Heat transfer by radiation under other conditions can also
be calculated, {00}. The following equation, for instance, applies
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F11
between two concentric cylindrical surfaces

[14 4
CAil(ti+273) - (t.+273) 4

q Rij 1 + (1-c) (Ai/Ae)

where Ai is the area of the inner cylindrical surface
Ae is the area of the outer cylindrical surface

3.7.6 Fluid Flow

Between nodes established in fluids, heat is transferred
by transportation of the fluid itself and the heat it contains.

I'oiI

II I I•

I I

// / / / 1 •

Figure 3--S Convective Heat Transfer

Figure 3-5 shows nodes i and j at the midpoints of consecu-
tive segments established in a stream of flowing fluid.

The heat flow qui i through the boundary between nodes
i and j can be calculated as the sum of the heat flow qf* through

the middle of the element i, and half the heat flow qoi trans-
ferred to node i by other means, such as convection.

The heat carried by mass flow is,

qfi =Pi C V t K t (3-31)

where Vi = the volume flow rate through node i
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The heat input to node i is the sum of the heat generated
at node i (if any) and the snm over all other nodes of the
heat transferred to node i by conduction, radiation, free and
forced convection.

qo= qi + : (qci,j + q + + q (3-32)
J

The heat flow between the nodes of Fig. 3-6 is then,

qui,j qfi + q 2(3-3 3)

If the flow is dividing between node i and j, Figure 3-6
then the heat flow is calculated from

q = K (qfi + qoi/2) (3-34)

o~ i

where K.. = the proportion of the flow at i going to
'j node j, 0 <K.. <1. K.. is specified at

input. 11 1K

k..k, -ki !i~ k

YI

DIVIDED FLUID FLOW FROM NODE i
qii
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The summation should include all nodes j, both with un-
known temperatures as well as boundary nodes, at which the
temperature is known so long as they have a direct heat exchange
with node i.

This expression is a non-linear function of temperatures *

because of the terms qW and qR. Therefore the equations to
tbc colv'vd for a steady state solution are non-linear. The
subprogram SOLVXX for solving non-linear simultaneous equations
is used for this purpose.

3.8 CONDI'TION THROUGH A BEARING

As described in Section 3.7 the conduction between two
nodes is governed by the thermal conductivity parameter A of
the medium through which conduction takes place. The value
of X is specified at input.

An exception is when one of the nodes represents a bearing
ring and the other a set of rolling elements. In this case
the conduction is separately calculated using the principles
described below.

3.8.1 Thermal Resistance

It is assumed that the rolliag speeds of the rolling elements
are so high that the bulk temperatures of the rolling elements
are the same at both the inner and outer races, except in a
volume close to the surface. The resistance to heat flow can
then be calculated as the sum of the resistance across the
surface and the resistance of the material close to the
surface.

The resistance Q is defined implicitly by

At = Q. q (3-36)

where
At is temperature difference
q is heat flow

The resistance due to conduction through the EHI) film is
calculated as

Q = (h/X) A (3-37)
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where h is taken to be the calculated plateau film
thicknes.s

A is the Hertzian contact area at the specific rolling
element-ring contact under consideration. X is
the conductivity of the oil.

The geometry is shown in Figure 3-7(a). Asperity con-
duction is not considered.

So far, a constant temperature difference between the
surfaces has been assumed. But during the time period of
contact, the difference will decrease because of the finite
thermal diffusivity of the material near the surface, Fig. 3- 7(b).

To points at a distance from the surface this phenomenon
will have the some effect as an additional resistance £22 acting
in series with S1l

This resistance was estimated in {9} as,

Q _ 1 ( 2wv ) (3-38)
rei 1

where 2 = contact length, or in the case of an
re elliptical contact area, 0.8 times the

major axis

= heat conductivity

= thermal diffusivity = /(p.Cp)

o = density

Cp = specific heat

b - half the contact width

\r = rolling speed

The resultant resistance is

Q2 =Q .Q (3-39)
res 1 2
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There is one such resistance at each rolling element.
They all act in parallel. The resultant resistance, 9 rest j
is thus obtained from

1 n 1
S- • (3-40)

ares i~l •res,i

where n is the number of rolling elements

3.9 SOLUTION SCHEMES AND CONVERGENCE CR1£ERIA

As described in Section 2 the complete shaft-bearing
system solution is achieved when four sets of conditions are
simultaneously satisfied through numerical iteration schemes. 7_1

These schemes and the accuracy criteria invoked at each
are discussed in this section. Certain aspects of the solution
scheme discussed more qualitatively in Section 2 and 3.1 are
reiterated herein in the context of solution accuracy discus-
sions.

1. Temperature Etiilibrium Calculations - these occur at
two levels desibnated internal and external temperature
equilibrium. Internal temperature equilibrium refers to
the calculation of equilibrium temperatures for a
specified set of heat generation rates. External temper-
ature equilibrium is satisfied when the system tempera-
tures are nearly equal in two successive calculations
of bearing generated heats.

2. Diametral Clearance Change - satisfied when the change
in bearing diametral clearance is sufficiently close
to zero in two successive calculations of bearing
load distribution.

3. Bearing Inner Ring Equilibrium - satisfied when shaft-
inner ring loads are sufficiently close to equalling
rolling element-inner ring loads.

4. Rolling Element and Cage Quasi-dynamic Equilibrium -

satisfied when rolling element applied loads plus inertia
forces sum to zero.

The information presented below is general in nature and
is intended to give the user an appreciation of the four main
aspects of the Co.flputer Program.
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3.9.1 Temperature Equilibrium Convergence Criteria

!• " a) Internal Temperature Equilibrium

After each calculation of bearing generated heat, which
results from a solution of the shaft-bearing system portion
of the program, a set of system temperatures is determined
which satisfy the system of equations:

qi-- qoi I qgi = 0 for all temperature nodes j (3-41)

where qoi is the heat flow from all neighboring nodes to
node i

qgi is the heat generated at node i. These values may
be input or calculated by the shaft beaTing
program as bearing frictional heat

This scheme is solved with a modified Newton-Raphson
method which successfully terminates when either of two
conditions are met:

At.
1

-• EP2 for all nodes i.-1

where: it represents the Newton-Raphson correction to
the temperature t at a given iteration such that,
tN+l = tN + 1.t and N + 1, and N, refer to the
next and current iteration respectively.

EP2 is a user specified constant. If EP2 is left blank
or set to zero (0) a default value of 0.001 is used.

A seccnd convergence criterion dependent upoji EP2 is also
used. In the system of equations, qoi + qi = 0 for P.ll nodes
i, absolute convergence would be obtained 1i the right hand side
(EQ) in fact reduced to zero (0). Usually a small residue remains
at each node, such that (noi qggi) = (EQ)i.

The second convergence criterion is satisfied if{NEQ 2
[(EQ < 10 x EP2 (3-42)

-7
i NEQJI

where NEO = rnumber of equatiojs in bearing solution
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The two convergence criteria independently terminate the
iteration scheme. The second criterion is an explicit test
for an equilibrium condition. The first criterion is implicit.
The first criterion tends to terminate the iteration scheme
when convergence is extremely slow and the equilibrium condition
is approached but not satisfied.

This solution is referred to as the internal steady state
thermal solution. It applies for a specific set of heat genera-
tion rates. It is not a final solution inasmuch as the genera-
ted heats will generally vary with the steady state temperatures
so that iteration is necessary to achieve a solution for which
the temperatures and heat generation rates are mutually compatible.

b) External Temperature Equilibrium

The external steady state thermal solution is obtained
when, after two successive calculations of ball bearing gen-
erated heats, the system temperatures remain numerically equal
within prescribed limits. The system generated heats are then
compatible with the system temperatures and system steady state
equilibrium is satisfied.

The external solution is satisfied when

tN- - tN < EP1 for all nodes i (3-43)

where N -cfers to the current set of system temperatures
an(: N-1 refers to the system temperatures achieved
for the previous iteration, with the previous set
of bearing generated heats. EPl is a tser supplied
convergence criteria. A value EPl = O.G01 : acceptable.

3.9.2 Bearing Diametral Clearance Change Analysis

The program calculates the changes in bearing diametral
clearances according to the analysis described in f26 %, and
expressed in generalized equation form as,

ADCL f[(Fits)m, ti, Pm, (Qr)m, m = 1,2 for inner
and outer rings (3-44)
respectively

i = 1,2,3,4,5 for shaft,
inner ring, outer ring,
housing and rolling
element respectively
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where: ADCL is the change in bearing diametral clearance
Fits are the cold mounted shaft and housing fits.

• ti are the component temperatures
Qm refers to the ring rotational speeds
Qr refers to the radial component of the minimum

rolling element-race normal force.

A bearing clearance change criterion is satisfied when
the change in bearing diametral clearance remains within
a narrow, user specified range, for two successive iterations
as follows:

I(ADCL)N - (ADCL)N-II < EPSFIT for all bearings (3-45)

D

where: N denotes the most recent iteration and
N-1 denotes the previous iteration,

D denotes the ball or roller diameter and
EPSFIT is a user specified value, = .0001D

It should be noted that altbh -ing rotational speeds,
and initial, i.e. cold, shaft and i: 4ng fits are considered
in the clearance change analysis, i e two factors are fixed
at input and remain constant throug,. -he entire solution.
Although component temperatures may change as a consequence v
of the thermal solution, temperatures remain constant through
a complete set of clearance change iterations as shown in the
general logic diagram Fig. 2-2. As a result, only the changej I in bearing load distribution affects the change in bearing
clearance within a set of clearance change iterations.

. 3.9.3 Bearing Inner Ring Equilibrium

The bearing inner ring equilibrium solution is obtained
by solving the system:

f)i- (O )i = 0 for all bearings, i (3-46)s

where: FMb denotes a vector of bearing loads and
moments resulting from rolling element/
race forces and moments.
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•bxi

F� Fbi Forces

FMb Fbz (3-47)

Mbyi Moments

Mbzi

If the bearing solution considers friction, FMh is com,-

prised of the ball race friction forces as well as fhe
normal forces.

Tf the ball-bearing solution is, at the user's option
frictionless, FMb is comprised only of rolling element/race
normal contact forces.

FMsi denotes a similar vector of loads, exerted on the
inner ring by the shaft.

Fsxi "

Fsyi Forces

FMsi = Fszi (3-48)

Msy i Moments -

The variables in this system of equations are the bearing
inner ring deflections Ab and the shaft displacements _ at
all bearing locations. The bearing loa.ls may be expressed as
a function of the inner ring deflections.

FMb = FMb 0b) (3-49)

The deflection Ab of a bearing is described by two radial deflec-

tions 6v and 6z, two angular deflections e and B and one
axial delection 6 • The axial deflection iý assumea to be
the same for all bharings on a shaft, i.e.
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~L1

Yj
Ab [ez

(3-50)

In the same manner for the shaft

FMs = FMs (A) (3-Sl)

I lIst bearing
ez1

0 1

6y
2nd bearing2 

2

ýz2

(3-S2)

* Applicable
to all brg.

L. x locations

"A matrix of influence coefficients allows the shaft loads
at each bearing location to be expressed in terms of shaft

displacements at the bearing seat in question plus the dis-
placements at the two adjacent bearing seats.

Using the Newton-Raphson solution scheme to solve the
set of equations:

FMbi - FMsi = 0 (3-52)

prod~uces a set of corrections 6 (A) which are added to the values
of A used in the previous iteration.
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The solution scheme is ended when

•±)ii EPSi (frictionless) (3-53)

GAOi j -- EPS2 (friction)

i = l,...(Number of bearings)
Sj = 1,5 - for the 3 linear and two

angular deflections at

each bearing

If for some i or j, (A)ij = 0

___(A)___ EPS1 (frictionless)

(0.001 x NBRG) EPS2 (friction) (3-54)

wherein NBRG denotes the number of bearings in the system
is substituted for the previous expression. EPS1 or EPS2 is
used depending on whether the bearing solutions are frictionless
or include friction, respectively. If the bearing deflections
are extremely small, computer-generated numerical inaccuracies
may prevent convergence according to the above criteria although
a perfectly good solution has been obtained. To overcome this j
problem, the iteration is terminated if all angular deflections
are less than 2 x 10-6 radians and all linear deflections are
less than 5 x 10-8 inches. Any one of the above criteria imply
that inner ring equilibrium is satisfied.

3.9.4 Bearing Quasi-Dynamic Solution

The bearing quasi-dynamic solution is obtained through
a two step process:

1) Elastic Solution - considering rolling element centri-
fugal force.

2) Elastic and Quasi-dynamic Solution*

*Quasi-dynamic equilibrium is used to connote that the true
dynamic equilibrium terms containing first derivatives of the
ball rotatioital speed vectors and the second derivatives of
rolling element position vectors with respect to time are
replaced by numerical expressions which are position rather
than time dependent.
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The equations which define rolling element quasi-dynamic
force equilibrium take the form

m = 1-3 refers to the (3-55)
S+ ~m)ds+ • +outer, inner and cage

m Ql + m+ FmJ+FO rolling element contacts
.am respectively

where: Qm is the vector normal load per unit length
of the contact ellipse

fm is the vector of friction force per unit length
of thŽ contact ellipse

F is the vector of inertia and drag forces
s is a coordinate along the contact

perpendicular to the direction of rolling (usually
the major axis)

a is half the contact length
4.

FM is the vector sum of the hydrodynamic forces
acting on the ball at the m-th contact

Rolling element moment equilibrium is defined by:

M rm x (QM +f;)ds] + rx + MI= 0

*am

QmtfmFm,am, and t are defined above, M, is a vector
of inertia moments (cf. Eq. 3-9)

44.

is a vector from the rolling element

rmcenter to the point of contact.I

In the frictionless elastic solution Fm and fm= 0.
Additionally the only rolling element inertia term considered
in the frictionless solution is centrifugal force. As a
consequence only the axial and radial force equilibrium equa-
tions are solved for each ball. For each roller the radial
force equilibrium and the tilting moment about the Z axis of
Fig. 3-1 is solved. A dummy equation for axial force
equilibrium is included in the solution matrix which keeps
the roller centered with respect to the outer race. The
cylindrical roller bearing considered by the program cannot
carry axial loading. 4646



The friction solution determines ball quasi-dynamic equili-
brium for six degrees of freedom. The ball variables in this
solution are, xl, yl,w xw y, wz' and Wo.

where x, is the ball axial position relative to the outer race,
Yl is the ball radial position relative to the outer race,
(x, (y, •z are orthogonal ball rotational speeds
relative to the cage speed, about the x, y and z
axes and wo is the ball orbital speed.

The variables x1 and yl are the ball variables in the friction-
less solution.

It is required to solve the set of equilibrium equations
for each ball as well as the moment equilibrium equation
for the cage, about the bearing X axis. (Refer to Section 10
of {61.) See Fig. (3-1). This latter equation considers the
ball cage pocket normal and friction forces plus the friction
force developed between the bearing lands and the cage rail.
The cage variable is the cage circumferential position relative
to the ball at the first angular location (zc)l.

The ball bearing friction solution is thus obtained by .[
solving a set of 6n + 1 equations, where n is the number of
rolling elements. The ball bearing frictionless solution
contains 2n equations representing the ball center coordinates
for each ball. The roller bearing frictionless solution -"

contains 3n equations representing the tilt angle and
roller center coordinates for each roller.

A modified Newton-Raphson scheme implemented in subroutine
SOLVXX and described in Section 3-10 is used to solve the
systems of equations. These modifications enhance convergence.

The iteration scheme is terminated by either of two criteria:

The first criter-ion involves the rate of convergence of each
variable to its value at solution. It is:

EPSI (frictionless)

AXNi <(3-S7)

XN EPS2 (friction)

where XNi is the value of variable X at iteration N and
AXNi the change in the value o• variable Xi calculated
at iteration N.



MLi

If the solution scheme is to terminate on the basis ofthis criterion each of the variables must satisfy this
condition, the number of variables being 6n + 1, 2n or 3n
depending upon whether the bearing is a ball or roller type

Li and whether the solution does or does not consider friction.LIThe second criterion checks the root mean square of theequilibrium equation residue values (EQi). If the cage and

each rolling element were in quasi-dynamic equilibrium, all
of the residues would be zero. As a practical matter the
equations may be consideied to be solved when:

:: "NEQ "

E 2 EPSl (frictionless)
i Ei < lox• (3-S8)

NEQ -
-

N J EPS2 (friction)

Experience has shown this criterion is somewhat more
readily achieved than the first criterion.

As with the internal steady state thermal solution, the two
convergence criteria are independent. The first criterion
causes termination when the convergence is extremely slow, i.e.,
when the changes in the variable values predicted by the
solution scheme are extremely small compared to the actual
variable values.

3.10 METHOD FOR SOLVING BEARING EQUILIBRIUM EQUATIONS

SThe bearing equilibrium equations{ 6 )are non-linear and can
only be solved by approximate methods. The method of modified
quasilinearization due :o Miele, et al {23} is employed in
Program AT74YO01 and has been found to be very effective.

Consider a system described by the equation
S•f(x) = 0 (3-59)

where f and x are n-vectors. Let the sum of the squares of the

equati-n residues be designated the performance index P, which
can be e.:nressed by

[iQ EQ• =P = fT(x)f(x) (3-60)

where the superscript T denotes matrix transposition. For any
vector x satisfying Eq. (3-59),P = 0. For all other vectors x,
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P #0. For an approximate solution, it is required that

.(EPS12

E~100 *NEQ EPS122 (-1

Consider two points Xk and Xk+1 which are related by

Xk+l = Xk + AXk, k = 0, 1, 2,... (3-62)

The passage from the point Xk to the point XK+1 causes the
performance index P to change. To the first order, i.e. for
small values of the AXK this change is

a p = 2fT(x) 6 f(x) (3-63) .1
where the symbol 6 denotes the first variation. .1

Consider the system of variations defined by

6 f(x) = - cf(x) (3-64)

where a is a positive scaling factor and is restricted to the
range

0< a < 1 (3-65)

From Eqs. (3-60), (3-63) and (3-64), one obtains

6P = -2aP (7-66)

Since both P and a are non-negative, one must have

6P <0 (3-67)

which establishes the basic descent property of the algorithm
defined by Eq. (3-64) i.e. first order variations, or small
changes in the x vector will cause a decrease in P.

The first order change in f(x) can be written as

6f(x) = fxT(x) Ax (3-68)

where fx (x) is the Jacobian matrix.

From Eqs. (3-64) and (3-68), it follows
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fT ( x(x) Ax + af(x) = 0 (3-69)

For a given value of a, Eq. (3-69) is equivalent to n scalar
equations which are linear in the n components of the correction
vector A X.

For a = 1, Eq. (3-69) becomes identical with that of the
well-known Newton-Raphson method, or ordinary quasilinearization.

Introduce the auxiliary variable

• B = AX/a (3-70)

Equation (3-69) can be written as

fx)B + f(x) = 0 (3-71)
x

Combining Eqs. (3-62) and (3-70), one obtains

Xk+1 = Xk + cB (3-72)

Since Xk is known and B can be obtained from Eq. (3-71), Eq.
(3-72) yields a one-parameter family of solutions, where a
is the parameter. The appropriate value of a is obtained by
starting with a = 1 and testing inequality (3-67). If the
value of the performance index P does not decrease, a smaller
value of a, found by a repeated division by 2.0 is used.

The solution variables for bearing equilibrium must fall
within certain limits or constraints i.e. the speed of an
inner ring guided cage must not exceed the speed of the inner
ring. These constraints are of the form

a < x < b

where the values of a and b depend upon the operating condi-
tions and are calculated by the program. When a component of
the correction vector 9X places the component value outside
constrained range, this component is set equal to zero follow-
ing the procedure set fourth in {24}.

As with all numerical procedures for solving systems of
simultaneous nonlinear equations, the procedure described above
is not foolproof although it is a substantial improvement over
the ordinary Newton-Raphson technique.

Occasionally the technique has been found to stall when
the assumed starting values fall in a region of the solution
space wherein the values of P giveii by Eq. (3-60) are at a

s0
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local minimum. When týis occurs the value of a is successively
reduced to the point where it is vanishingly small and then
by Eq. (3-72) the procedure lever moves from the point of local
minimum.

This condition will result in a message indicating con-
vergence failure (cf. Section 6).
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SECTlION .1

NA'I'IiI.MA'rT CAl, MOIDFIS

:1 *.I SCOPE,

This section contains a description of the mathematical
models specifically adapted or developed for use in computer
program AT74YO01 including, where appropriate, the expressions
for curve fitted approximations to complex relationships.

4.2 LUBRICANT PROPERTY MODELS

Niany of the calculations performed by computer program
AT7.1Y001 require that the dynamic viscosity n and the pressure-
viscosity coefficient u be known at a given temperature.

Accordingly the program employs subroutines which, when
given lubricant kinematic viscosity v at 1000F (37.780 C) and
210 0 1 (98.89 0 C), density P at 60°F (15.560 C) and the thermal
coefficient of expansion, determine the lubricant density,
kinematic and dynamic viscosity, and the pressure-viscosity
coefficient at any temperature required.

The kinematic viscosity v (cs) at atmospheric pressure is
calculated at a given temperature t(°F) from Walther's rela-
tion {3l

logl 0 logl 0 (v+0.6) = A - B logl 0 (t + 460) (4-1)

where A and B are constants determined by substituting the
known values of v at t = 10°0 F and t = 210OF into Eq.(4-1)
and solving the two equations which result for A and B.

Having calculated v at a specific t, n is computed as

n = V, (4-2)

where 0 the lubricant density at temperature t is given by,

r (t = oP(60 0 F) - GI t - 60OF1 (4-3)

where G is the lubricant coefficient of thermal expansion.

The pressure-viscosity index (t is defined implicitly by
the relation

n(p) = r(p = 0) • ectp (4-4)
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where ri(p) denotes the dynamic viscosity at pressure p at an
arb it ra ry temperatuilC.

"Tie value of (- itself varies with pressure. The appropriate
value of t to use in the film thickness prediction equations
wherein it appears, is the value applicable at the inlet i.e.
at atmospheric pressure.

The value of z at a given temperature and at atmospheric
pressure is calculated by the relation developed by Fresco, (4)

(2.303).10"'4 [C+Djogl 0 v + E(logl 0 v) 460(in. 2/lb) (4-5)

wherein v is evaluated at temperature t (OF) and C, D and F are
constants tabulated by Fresco as a function of S 70.2B where
B is the coefficient in Walther's equation.

Another lubricant property that appears in the model for
film thickness reduction due to inlet heating is the temperature
viscosity coefficient fS, that appears in Reyno]d's exponential
temperature - viscosity relationship n(t) =noe-

i0 is computed from the dynamic viscosity values at t = lO0F
and 210°F as follows,

0= 0.00909 ln n(t = 1000F) (4-6)
• ~n( t = 2100F)

Relevant lubricant properties for the oils whose properties
have been preprogrammed in computer program AT74YO01, are listed
in Table 4-1. These property values have been supplied by the
manufacturers. Lubricants No. 2 and 4 in Table 4-1 have been
used in the bearing testing described in Section 7.

4.3 LUBRICANT FILM THICKNESS

The elastohydrodynamic (E1iD) film thickness h at each
ball-race contact is computed as the product of the film thick-
ness predicted by the Archard-Cowking formula {11} and two
reduction factors $t and *s. The factors * and uS account
respectively for the reduction in film thiciness due to heating
in the contact inlet and the decrease in film due to lubricant
starvation i.e. due to the finiteness of the distance between
the contact zone and the inlet oil meniscus. In equation form,

h ' a0 h •hac (4-7)
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The Archard-Cowking film thickness formula takes the
following form

11 a c= 2.04 11 + 2Rx -0.93 (nv)0 * 7 4 0 R0 . 4 0 7 (Q/E')-0 .074  (4-8)

where

Rx, Ry - effective radii of curvature parallel and transverse
to the rolling direction respectively

OL - pressure viscosity coefficient

V - lubricant entrainment velocity

R = h"I + Ry i

Q - load -l
E12 2 12+E'= 2 1- 1  + 1-v

E 1E
absolute viscoAty

El, E - Young's modulus for the contacting bodies

V1 , v 2  - Poisson's ratio for the contacting bodies
4.3.1 Inlet Heating Factor t

t

A Grubin type inlet film thickness analysis considering
full thermal effects was developed for line contact by Cheng {1.
Results presented in {l} covering wide ranges of loads, speeds
and lubricant parameters were used to develop regression formu-
las for the thermal reduction factor *t

Based on 28 sets of data, each containing 15 data points,
from the analysis of Cheng, the regression formulas obtained
take the following form:

-=exO (4-9)

where

1) x0 = -0.3011 -0.00432 In(p /E')-0"03469 ln(l+S)
-0.16423 ln Qm -0.0172 (lnQm) 2 + 0.00389 lnal
-0.06316 lna

for 0 <Qm< 0.1, 6' >11.5 and 0 <Qm <0.4, 8' <11.5
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2) x= -1.119304 -0.16192 In (p /E') -0.0895 In (1+S)
-0.29 in Q o -0.04S72 (lnm )2 + 0.13615 in a'

for 0.1m< m ,<1 'W> 11.5 and 0.4 <Qm < 1, a'< 11.5

3) and xo = -3.66426 -0.48511 in (po/E') + 0.00568 a'
-0.05491 BI -0.1978 In (1+S) -0.19573 lnQm

S-0.09392 • (InQm)' + 0.20908 • In al'S~for Qm > 1

where, ' = apo

S = (u 2 -ul)/2V

Qm =2 V2 /Kf to

a - pressure viscosity coefficient, in 2 /lb
b - half of Hertzian width in the rolling direction, in

PO - maximum Hertz pressure, lb/in2

SB - temperature viscosity coefficient, oR'l computed via
Eq. (4-6)

t - ambient temperature, OR

n - ambient viscosity, (lb.sec/in2)

iUlU 2 - surface velocity of bodies No. 1 and 2, (relative
to the contact) in/sec

Kf - conductivity of the film (lb/°F.sec)
KV (u +u2)/2, lubricant entrainment velocity (in/sec)

It is noted that for small values of Q O t computed from
Eq. (4-9) may be larger than unity. 1 = 1.U is used whenever
the value computed using Eq. (4-9) is larger than 1.0.

In evaluating Ot for the ellipticak point contacts in a

ball bearing, po is taken to l e the maximum of the Hertzian
pressure ellipse.

The point contact is thus treated as if it were a line
contact having a maximum contact pressure po along its entire
length of contact. This is a conservative approximation inas-
much as it will tend to underestimate * and hence underestimate
film thickness. In any case -'-e magnitude of the error is
small as po is not a highly influential variable in *t. J
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4.3.2 Starvation Reduction Factor s

A hydrodynamic analysis of an elliptical point contact
having two equivalent principal radii of curvature Rx and R
(parallel and transverse to the rolling direction, respectively)
was conducted by considering finite thicknesses of half films
(hl, and h1 ,) upstream from the inlet and setting the
flow rate in he center plane at the meniscus line equal to the
incoming flow rate at the contact centerline. The complete
analysis is given in {5} and {12).

Figure 4-1 shows the geometry considered. hs and r* denote
respectively the starved plateau film thickness and the meniscus
distance from the contact center along the direction of rolling.
uI and u2 are the velocities with which the ambient film layers
move toward the contact zone.

The anal;sis shows hs and r* to be related to hl, the sum
of the upstream ambient film layer thicknesses, (hl = hl,1 + h1,2)
through the following two equations:

I-

S.SVnaR x ' 12Vnar* 1.0 (4-10)

h 3/2 (3+2k) (3+2k)(hS+r* 2 /2Rx) 2

and hl = 3+ .(hs)+ kr* 2  (4-11)

where k FR /R n is the dynamic viscosity of oil at the contact
inlet, a the ;ressure-viscosity coefficient and V=(Ul+U2 )

-
is the entrainment velocity in the x-direction.

The simultaneous solution of Eqs. (4-10) and (4-11) for given
values of R R V, n, - and hl yields the associated values
of hs and r . Subroutine STARFC performs this calculation.

As the meniscus distance r* increases, the film thickness
hs increases, asymptotically approaching a value hf as r*-a . There-
fore, hf is the film thickness under fully flooded conditions.

On letting r*-- and hs5- hf in Eq. (4-10), the second term
on the left hand side vanishes and one may solve for hf as

hf [S.SVn-(Rx)3 2'3 (4-12)
3+2k7
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Subroutine STARFC evaluates hf from Eq. (4-12) and then
calculates the ratio ýs = hs/hf. hf as given by Eq. (4-12) does
not indicate a dependence upon load. This is characteristic
of film thickness formulas derived from a Grubin type assumption
applied to rigid bodies (cf. (11) ). It was considered preferable
to use the Archard-Cowking formula for the unstarved case
rather than hf since the Archard-Cowking formula better describes
the dependence of film thickness upon the influential physical
variables. The only role played by hf is to scale hs to
yield the ratio ýs, which is applied as a multiplicatie
factor on the Archard-Cowking prediction of unstarved filmthickness. •

4.3.3 Film Replenishment

As noted above it is necessary to know the combined oil
layer thickness hl in order to calculate 1s and r*.

As a rolling element passes a point on the inner or
outer raceway of a bearing, a very thin lubricant film remains .
on each of the components and is of the same order of magnitude
as half the plateau film thickness in the EHD contact. Replenish-
ment of the lubricant layer on the raceway is required in
order to assure sufficient lubricant in the inlet region of
the succeeding contact, so that the EIID film thickness will
be the same as in the preceding contact. If replenishment
fails to occur, each successive rolling element pass would
have a thinner E1l1) film and steady state operation with EHD
lubrication woul iot be possible.

Many mechanisms serve to replenish the lubricant in the
track of a high spee4 bearing. Of prime concern is replenish-

* ment at the inner race in high speed ball bearings since
centrifugal force tends to direct free fluid away from that
surface. Seven replenishment mechanisms have been identified:

1) Centrifugal flinging of the lbricant from the ball

2) Centrifugal travel of oil along the surface

3) Random splashing of lubricant in the bearing cavity

4) Direct deposition from a jet

5) Back flow along the surface into the track, from its
edges resulting from lubricant surface tension

6) Carrying into the contact, of lubricant adhering to the

ball
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Subroutine STAIRI:C evaluates hf from .q . (4-1 2) and then
calculates; tIle ratio I = h¢/lf. (if as given by Eq. (4-12) does
n1t indicate a ,vependenlce uIc on load. This is characteristic
of film thickness formulas derived from a Grubin type assumption
applied to rigid bodies (cf. (11) '. It was considered preferable
to use the Archard-Cowking formula for the unstarved case
rather than hf since the Archard-Cowking formula better describes
the dependence of fi lm! thickness upon the influential physical
variables. Tihe o(lyV role played by hf is to scale hs to
yield the ratio , which is applied as a multiplicative
"factor on the Arch;i rd-Cowking prediction of unstarved film
thickness.

4.3.3 l:i.m Replentishment

As neted above it is necessary to knov, the combined oil

layer thickness Ill in order to calculate 11s and r*.

As a rolling element passes a point on the inner or
outer raceway of a bearing, a very thin lubricant film remains
on each of the components and is or the same order of magnitude
as half the plateau film thickness in the MID contact. Replenish-
ment of the lubricant layer on the raceway is required in
order to assuic sufficient lubricant in the inlet region of
the succeeding contact, so that the lID film thickness will
be the same as in the preceding contact. If replenishment
fails to occur, each successive rolling element pass would
have a thinner 1l:ll) film and steady state operation with Eill)
lubrication %vould not be poss ihi e.

Many mechanisms serve to replenish the 1uhricant in the
track of a high speed bearing. Of prime concern is replenish-
ment at the inner race in high speed ball bearings since
centrifugal force tends to direct free fluid away from that
surface. Seven replenishment mechanisms have been identified:

1) Centrifugal flinging of the 1ibricant from the ball

2) Centrifugal travel of oi.l along the surface

3) Random splashing of l ubricant in the bearing cavity

4) Direct deposition from a jet

5) Back flow ;ilong the surf;ice into the track, from its
edges resulting from lubricaint surface tension

6) Carrying into the contact, of lubricant adhering to the

ball
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7) Back flow into the gap behind the contact exit due to
vacuum in the cavitated area.

A model has been constructed for item 5) above, in {5}, and
t12} and a concept is advanced in Sect. 4.3.4 below for applying
it to a full scale bearing. In view of the other, possibly
more influential sources of replenishment enumerated above,
this model has not been adopted in this program. lastead it is
assumed that an externally supplied replenishment amountAC adds
to the plateau film thickness to yield h1 .

As a simplification since At is usually much larger than
h the approximation h• hs is used so that,

i hl h + AC (4-13)

Subroutine STARFC uses Eq. (4-13) in solving Eqs. (4-10)
and (4-11), with a user specified AC value.

4.3.4 Film Replenishment Model for a Full Scale Bearing

As mentioned above a model has been developed as summarized
in {S} and {12} to compute the increment AC due to replenish-
ment via the fluid's surface tension. The model postulates
that the ambient oil layer away from the rolling track has a
known thickness h..

Since ho is itself generally unknown the approach has
been adopted for the present, to use values of Ac directly as
input in developing the computer program for predicting bear-
ing performance.

A plausible procedure for applying the replenishment model
to a full scale bearing has been conceived however and is out-
lined as follows:

Assume that due to oil flinging under a centrifugal
force field, the bearing outer ring groove becomes
full of oil and the inner ring groove becomes dry. In
this case when a ball passes a given point on the outer
ring the entire groove cavity not swept out by the ball,
up to the edge of the flange, will be full of oil as
shown below:
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7) Back flow into the gap behind the contact exit due to
vacuum in the cavitated area.

A model has been constructed for item S) above, in {5}, and
{121 and a concept is advanced in Sect. 4.3.4 below for applying
it to a full scale bearing. In view of the other, possibly
more influential sources of replenishment enumerated above,
this model has not been adopted in this program. Instead it is
assumed that an externally supplied replenishment amountAC adds
to the plateau film thickness to yield h1.

As a simplification since Ar, is usually much larger than
h the approximation h% hs is used so that,

h= hs + (4-13)

Subroutine STARFC uses Eq. (4-13) in solving Eqs. (4-10)
and (4-11), with a user specified Ar, value.

4.3.4 Film Replenishment Model for a Full Scale Bearing

As mentioned above a model has been developed as summarized
in fS5 and 112} to compute the increment AC due to replenish-
ment via the fluid's surface tension. The model postulates
that the ambient oil layer away from the rolling track has a
known thickness h•.

Since h. is itself generally unknown the approach has
been adopted for the present, to use values of AC directly as
input in developing the computer program for predicting bear-
ing performance.

A plausible procedure for applying the replenishment model
to a full scale bearing has been conceived however and is out-
lined as follows:

Assume that due to oil flinging under a centrifugal
force field, the bearing outer ring groove becomes
full of oil and the inner ring groove becomes dry. In
this case when a ball passes a given point on the outer
ring the entire groove cavity not swept out by the ball,
up to the edge of the flange, will be full of oil as
shown below:
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h, as thus defined may be readily calculated for a
given bearing geometry and ball load.
It may be further assumed that as the ball rotates from
the outer to inner ring contact, it has an oil layer
clinging to it as shown below (exaggerated)

?za (h s)o

Using the same value of as used for the outer ring,
one may apply the replenishment model to determine the
ball replenishment (AC)b during the time interval it takes
the ball to rotate from the outer ring contact to the
inner ring contact.

Since the oil replenishment on the inner ring groove is -!
assumed negligible, h1 at the inner ring contact will be
simply hl = ½(hs)i + ½(hs)o + (A•)b from which the inner
ring film thickness may be computed via the starvation .

model. The inlet layer thickness at the outer ring con-
tact will be hl = 'l(jh)i + (A0)b + 11(hs)o + (AC)o from
which the outer ring film thickness (hs)o is calculated
as previously described.

A computer program has been developed to perform the
calculation outlined above and was applied and gave reasonable
results for the conditions of one cf the tests run with a 125mm
bore bearing in the full scale test phase of this program.
These results are discussed further in Sections 7 and 8.

4.4 TRACTION IN BALL-RACE CONTACTS

The traction model developed for use in program AT74YO01
is applicable to the partial EtID regime in which the lubricant

~i film separating the contacting surfaces may be small enough
to permit some degree of asperity contact. The model computes
the traction coefficient as a function of the ratio h/a of film
thickness h to composite surface roughness a . For small
values of h/a (h/a <1) the model reduces to a coulomb friction
model, i.e. the traction coefficient becomes a constant 'a,
independent of sliding rate. For large values of h/q (h/o > 3)
the model becomes a non-Newtonian semi-empirical fluid film
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model in which the traction coefficient, IEHD, depends %.pon
sliding rate, as well as the load, rolling speed and lubricant
properties at operating temperature. For intermediate values of
h/i the model is a combination of coulomb and fluid film friction.
Details of the model development are contained in (2}, {5} and
{6). Essential features of the model are described below.

4.4.1 Asperity Traction Model

If Q is the total load applied to a contact (or to a
suitable subelement of a contact), a portion of this load.
designated Qa will be carried by elastically deformed asperities
and the remaining, Q-Qa, will be carried by the EHD film. The
traction force Ts then is,

T = Q V'r QQ + V (4-14)Ts a aa + EHD (Q - Qa) (-4

Under the assumption that the rough surface consists of two-
dimensional ridges of random height and slope angie, the
average asperity borne load Qa is the following function of
the ratio h/a

Qa E- A a0 I(h/a,o:) (4-15)

412
where 2 2 -1

1-v 1  l-v,

E' = 2(- +
E1, E2 =oung's Eduli of the contacting bodies

= contact area

= RMS value of the distribution of asperity slope
angles (radians)

I(hIacL) =A function defined in I') of the film parameter h/a
and a statistical micro-geometry parameter a defined
in Nayak {13M.

It is shown in W6} that a= 2 is a reasonable value to

use for rolling bearing surfaces. The following polynomial 5it
to the function I(h/o,a = 2.0) is used in computation:

I(h/a, 2) = 2.31e"1"84 h/a + 0.1175(h/o - 0.4) 0 6 (2-h/a)2;

0.4 <hia< 2 (4-16)
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I(h/c, 2)= 17e-2. 8 4 h/o+ 1.44 x 10 4(h/c- 2)1.1 (4-h/a )7.8

2< h/a

The value P = 0.1 was recommended in {6} as being consistent
with values deduced in traction measurements in the partial
EHD regime. Any other value ofP a may be specified at input
however (cf. Section 5).

4.4.2 Fluid Traction Coefficient P EHD-

The general behavior of the fluid traction coefficient
'EHID as a function of sliding rate is illustrated by the

curves in Fig. (4-2). (Throughout Section 4.4.2 the subscript
on PEHD will be omitted.)

In the curve in Fig. (4-2a) the traction coefficient increases
linearly, at low sliding speeds, reaches a maximum p=11* at
speed us = us , and decreases thereafter.

IT the curve in Fig. (4-2b) the traction coefficient increases
linearly at low sliding spe.ds and then approaches an asymptotic
value •

Both types of traction curves have been experimentally
observed. Both signify a departure from isothermal Newtonian
fluid behavior since for this situation the traction coefficient
increases linearly with sliding speed at all sliding speeds. {

For the curve of Fig. (4-2b), l* denotes the asymptotic
traction coefficient. I)efine us* = 3 x usc, where usc is the sliding
speed at which the line i= v* intersects the extended linear portion
df the curve u vs. us.

It has been found that u* for either type of curve increases
with the contact pressure and decreases with rolling velocity
and lubricant viscosity (and hence ambient temperature); s I
on the other hand decreases with pressure and increases with
rolling velocity and viscosity. This joint variation has
been found to result in a scale change in the two axes but
not in a substantial change in the character of the tractioii
curve.

This means that traction curves obtained under widely
L different conditions of pressure, rolling velocity and tempera-

ture when plotted on a grid with coordinptes = -u/p* and
x" u /us*, yitld substantially the same zurve fS,6}.
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A characteristic of the curves of the type of Fig (4-2a)
is that lr decreases indefinitely with large x. Curves
of this type can cause convergence difficulties in a bearing
dynamics computer program because there are two sliding speeds
associated with each value of the traction coefficient, The -t

computer may cycle between the two values in seeking to find
an equilibrium condition.

An approach to avoiding this difficulty is to use a
monotonically increasing curve that is a good match to the
actual curve over the increasing portion of that curve. If
the program then conierges at a sliding speed that is within
the range where the cirves match, the solution is valid.

A useful monotonic functional form. for fitting the ascending
portion of traction curves has been devised. It is linear up .
to a certain sliding speed, after which it increases nonlinearly
to an asymptotic value. In the present context i.e. using
relative traction and sliding speed values i 1r and us the
curve has the following form:

(u B
1. ) -. ,

r1i- X; X< -.

;r d B + r( rB ."X "XB

1 (•r)B B 1 + ("r)B (X-XB)

The parameters (-r)3 and xB are simply the coordinates
of the point at which the cu:ve becomes nonlinear. The fit
is continuous and has a continuous first derivative at x = xB.
As x- ., ..r 1.0. Pig. (3-3- illustrates the form of this approxi-
mation drawn for the case (nr)1 = f.68 and x. = 0.25.

"For a given oil, the maximur traction coefficient *
has been found I'S' to vary with pres-;ure, viscosity, rolling
velocity, and film thickness in the following manner:

"0.61 (-1.14) (0.59) 1 ).4S-0.61X)ý-0.45) (4-18)

where 0

p 0  the maximum contact pressure (lb!: ')2

h plateau FID film thickness (in)
f(po) = a 'unction governing the dependence of viscosity on

pressure p(, (oil parameter)
a '•isco-elastic constant (oil parameter)
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Similarly us* exhibits the following dependence on Pono ,

Us, po(-0. 1 4 ?(po)(-0. 4 0 ) (-1.1]J{0.401 - 0.091 h(0. 5 5 )(419)

The quantities u*, Us* and h can be measured experimentally
for a set of given values of p n , and V. For the oils thus
far examined the function f(poy has been found to follow a law of
the form, { 6, 7}

f(po (po/pl) A1  for p-<pl
(4-20)

ev (p /pl) A2  for po>pl

where A1 , A2 and P1 are lubricant dependent constants.
Values of A, A and p for four oils are listed in Table 4-2. The
procedure fbr dterminkng these values for other oils is given in 16,71. i

Making use of Eq. (4-20), Eqs. (4-18) and (4-19) can be
expressed in the following form on introducing C1 and C2 as
proportionality constants.

,* = -p 1 .14 . 0 .6lAi . 4 0.59). V(0. 4 8 -0.6 1 .h 0 4 5 (4-21)

, = Co-0.14 . (p/Po) 0.4Ai . 4-1.1). V( 0 4 0 •' 0 "0 9 ) • h0 "55 (4-22)

i= 1, 2

The values of C1 and C2 are evaluated by substitrting
measured P*, Us* and h values for a specific test condition.
Then knowing values of C1, C2@I, Ai and h (starved), it isp
possible to predict values oi P-• and u,* as functions of the
operat.4ng parameters po, V, and n by •qs. (4-21) and (4-22).
Values for C1 and C2 thus calculated for four oils are tabulated
in Table 4-2. The units in Eqs. (4-21) and (4-22) are V
(in/sec), n(cp), po (ksi) and h (microinches). Also shown
in Table 4-2 are the values of (Pr)B and xB used for the
four oils. These data have been preprogrammed into program
AT74YO01. For other lubricants a user may input the parameter
values for a traction sliding speed curve of the general form
of Eq. (4-17). (See Section 5.3.8.)

I In summary, the calculation of PEHD at a given sliding
velocity us and for a given pressure Po, film thickness h,
rolling velocity V and temperature t, proceeds as follows:
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1. Calculate viscosity n at temperature t.

2. Using appropriate constants from Table 4-2, calculate
Ps* and u* for given po, h, V and (t)

3. Calculate x = u /us*

5 5

4. Use Eq. (4-17) with values of ( 1r)3 and XB from Table
4-2 to calculate ur associated with the value of x calcu-
lated in step 3.

5. Compute UEHD = r " 1*

4.4.3 Computing Traction Force for a Hertzian Contact

In computing the traction force acting at a ball-race
contact, the elliptical Hertzian contact zone is divid.ed into
a large number (21) of slices parallel to the minor axis. The trac-
tive force is computed for each slice and then summed to give
the total traction.

Figure (4-4a) shows a Hertzian contact area with the semi-
elliptical distribution of pressure due to elastic deformation
(Effects of the lubricant on the pressure distribution are

neglected) and a local coordinate system established at the
contact center.

By considering sufficiently many slices (21 are used in
the program) the variation of pressure in the x direction
over a slice width may be neglected, i.e. each slice is regarded
as the contact zone due to a cylindrical disk (with.ut edge
effects).

Sliding velocities at a typical slice are shown in Fig.
(4-4b). A sliding velocity in the x direction results if the
ball auto rotational vector has a component (cf. Fig. (3-1)).
The sliding velocity usx is always equal for ail slices.

Because of groove curvature the sliding velocity component
usy will vary from slice to slice across the contact ellipse.

Fig. (4-4c) shows the traction components T and Ty on the
slice, as computed iniividually using the partial EHD traction
model of Eq. (4-1 e T depends upon usx and the load,
rolling velocity al. film t~ickness to surface roughness
ratio. T similarly depends on usy and the other variables.
T indicates the resultant for the given slice. The forces
Tx and Ty are computed for each slice and summed to give the
components of the total traction force acting at the contact.
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4.5 CALCULATION OF CAGE POCKET NORMAL FORCES

A means for calculating the cage driving forces due to
the balls was developed in {6). In this development, the
normal force exerted by a ball on the cage pocket, is presumed
to act in the plane of rotation through the cage pocket midpoint.

The analysis is applied to determine the normal forces
acting at two diametrically opposite points on a ball; the points A
of nearest and furthest approach of the ball relative to the
cage. The net normal force acting on the ball 's the resul-
tant of the two forces acting at the diametrically opposite
points.

The ball pockets are assumed to be cylindrical cavities
of radius r', oriented radially such that the axis of each
cylinder passes through the fixed origin of the bearing inertiLal
frame (Fig. 3-1).

The geometry is shown in Fig. (4-5). zc denotes the offset
between the ball and cage pocket centers in the direction of
rolling. uk and uy denote the components of the ball rotational
velocity vector that cause relative slip between the ball and
cage pocket at the point of closest approach. The magnitude
of the closest approach is ho. ho is the minimum film thickness I
when the cage is lubricated.

In the bearing analysis program, AT74YO01, it is required
at several points during the iterative solution procedure that
the ball cage pocket eccentricity zc be assumed and the associated
cage pocket load Q3 be calculated. When zc is small the load
4.iz small and borne hydrodynamically by the lubricant film,
which then has minimum thickness ho = r' - r - zc. In this
regime, the load for a given value of the ball and the cage
pocket clearance is that supported by a poit hydrodynamic
contact of minimum thickness ho. flastic deformation is
negligible in this regime. As zc increases, h. decreases
until it reaches a critical value h_, below which a further
increase in zc results in joint elastic deformation but no
further decrease in film thickness. In this regime

h = hc (4-23)

and the elastic deformation is calculated from,

6 e = Zc + hc "Cr (4-24)
where C is the cage pocket radial clearance (r'-r).

r
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The load Q3 in this case is assumed to be the sum of the load
Qc hydrodynamically related to the film thickness hcP and an
additional load Qe associated with the elastic leformation
through the Hertzian equations of contact elasticity.

An analysis was performed as described in { 6 1, of the
relationship between normal load Q and minimum film thickness
ho in a lubricated point contact between two rigid bodies
each having two principal radii of curvature, assuming that
the lubricant viscosity increases exponentially with pressure.
The analysis yielded a relationship between the nondimen-
sional load parameter ' and the nondimensional film thickness
parameter H, as shown by the solid curve in Figure 4-6. These
nondimensional variables are defined as:

-•~ ~ 1 • / o) /3 (R 1y '
Q= Q (=R IC2 (R R = Q - D (4-25)

-IT ho Rx (CoRx-) 2 / 3 - h0  B (4-26)
Crr

where:

Co = Vy (RxRy) k1- k (4-27)

y .1
k, =-[(3 + 2k)- + (3 2k-1 k-2k('lX-)21½ (4-28)

Vy y]
k R /R (4-29)

y x

D =(Ry!Co2 ) 1 / 3 (RxRy) (4-30)

B -CrRx (C0 Rxc)-2/ 3  (4-31)

R 1 1 -I r (-2

r 2iRx = ( - ) -- (4-32)
C

r

Ry= r

Cr = r' - r, cage pocket radial clearance

Vx y
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'n = ambient dynamic viscosity

Vy -1Wxr

It has been found that the relationship between Q and H
for an unstarved point contact can be approximated by the

following formula.

p ta 3 + 163(H)- 3  (4-33)

provided that

O<Qc = 37.6

4.5.1 Elastohydrodynamic (EHD) Contact

For Q>37.6, the film thickness is independent of load and
the nondimensional parameter II remains constant at Hc. Operation
in this case is in the E13D region.

"H= H = 3.122 (4.34)
for EHD Contact

Q!Q• = 37.6 (4 35)

Equations (4-25) and (4-26) result in the following for the EHD
region of operation,

Q = Tc/D = S7.6/I) (4-36)

ho = hc = 3.122 Cr/B (4-37)

The elastic deformation 8e is given by,

6 = z + h -C (4-38)
e C r

Qe (•6e is calculated according to Hertz theory. In per-
forming this calculation in Program AT74YO01 the axis ratio
of the elliptical contact area is taken at a representative value
of 9.0 corresponding to Cr = 0.033 r. The total ball-cage
contact load Q3 is thus:

Q3= Qc + Qe ( 6 e) (439)

4.S.2 Hydrodynamic (HD) Contact

If the contact film thickness h is greater than the critical
value hc, the centact is assumed to Ce hydrodynamic:

H > H= 3.122 for HD contact
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The minimum film thickness for this case is given in terms of
the ball cage clearance and eccentricity zc, as:

ho = C r - zc (4-40)

The calculation procedure is,

a) Calculate ho as above

b) Evaluate H = ho Rx (CoRx a)-2/3

c) For H from (b) find S= 53.3 (H-) + 163 7H)-- 3

d) Calculate cage ball load Q3 as-Q/D

The procedure for determining the ball race normal load
is performed twice for each ball, for the points of nearest
approach at both ends of the cage pocket (hb min and ho max).
The net normal load acting on the ball is given by:

"P = Q3 (ho minimum) " Q3 (ho maximum) (4-41)

4.6 CALCULATION OF HYDRODYNAMIC FRICTION FORCES IN POINT CONTACT

The contacts between ball and race and between ball and
cage pockets are point contacts. Under lubricated conditions,
the surfaces are separated by a fluid film and there is a
pressure build-up around the contact caused by the sweeping-in
motion of the surfaces. This pressure build-up contributes to

[[ the friction in rolling in two ways, i.e., (1) the tangential
surface forces required to pump the oil into the high pressure
zone and (2) the component Fn of the inlet pressure acting to
oppose rolling.

The pumping forces (1) are cf two kinds, i.e. that due to_. rolling, Fr, and that due to sliding Fs.

Expressions have been found for these forces in a starved
point contact. The complete analytical development is contained
in {S land {16 L-

Since these friction forces arise in the contact inlet
region, elastic deformation is not considered to have a signi-
ficant effect and the analysis invokes a rigid body assumption.
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Fig. (4-7) shows the relevant geometry. Two rigid bodies
are shown in nominal point contact but separated by an oil
film and undergoing relative rolling and sliding. A local
cartesian coordinate system is established with the x-y plane
parallel to the tangent plane of the two bodies and with the
origin coincident with the surface of boay 2. The coordinate
system remains fixed in the contact as the surfaces of the two
bodies move. The principal radii of curvature of the two
bodies are (Rx)i and (R y)i, i 1,2. The equivalent radii are

S= (1/Rxl + !/Rx2)- 1 ; Ry = (1/Ryl + 1/Ry2)' 1  (4-42)

The normal separation of points on the two bodies near
the origin is given by

+ 2 v2
h= h 0  + (4-43)

2Rx 2R

where h is the minimum film thickness at the origin. This
separation function is applicable if the width of the Hertzian
flat region in the contact is negligible compared to the
relevant x and y dimensions in the inlet and outlet.

The surfaces are assumed to be moving with velocities
ui and vi ( i = 1,2) relative to the origin in the x and y
directions. The rolling velocities in the x and y directions
are defined respectively as vv = (uI + u 2)/2 and vv = (vI + v 2 )/2
and sliding velocities in the respective directiong are usx = uI - u2
and usy = v - v2 .

Q is the portion of the normal load that is being supported
by hydrodynamic forces in the inlet. For elastic ball race contact
Q is considered negligible when compared to the load supported
over the Hertzian contact zone.

The forces FR, F., and Fn are displayed in Fig. 4-8. For

representational clarity the special case when the contact
is between two disks is illustrated. In this case, Ry is
infinite and the forces are directed along the x axis. In the
general point contact case the forces have both x and y com- 4

Sponents.

The force Fr acts in the same direction on both contact-
ing bodies and opposite to the direction oi motion. Fs acts
in opposite directions on the two bodies in such a way as to
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tend to increase the speed of the slower body and to decrease
the speed of the faster body.

The forces F1 and F2 are the resultants of the hydrodynamic
pressure distribution in the inlet and act through the centers
of the two bodies. The component of these forces in the y
direction represents the (small) portion of the total load
supported hydrodynamically. The compoiients F• 1 and Fn2 acting
in the x direction contribute to the force balance in the rolling
direction.

The magnitude of the forces Fr, Fs and F depend upon the
meniscus location r*. The calculation of r* hor ball race contact
was discussed in Section 4.3.2. For ball-cage contact an assump-
tion regarding r* is made as discussed later in this section.

Expressions for the x and y components of the forces Fr,
Fs and Fn are given below in terms of the dimensionless quantities
Fr and YFs.

Pumping Forces

F x ½ C0  R cos y (4-44)

Rolling component

F =½ C -R (siny)x(R /R)½ (4-45)

Fsx F Sl USX (RxRy) (4-46)

Sliding component
s Fs r U (RxRy)'- (4-47)

s sy x y
Normal Forces (on ball)

Fn =C R. •cosy (4-48)
nx o R r

Fny Co FR Ry . (siny)(R /R ½ (4-49)
r

(For a ring, r is replaced by the raceway radius)

* where r 2½
Co = Vx(R xRy)f (3+2k)-2 + (V /V ) 2 -1-2-l (4-SO)
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Wkf;

y = axr1 3+2k
(3+2k- )

kX./R.1
k c R/ Ry

n =absolute ambient viscosity

The quantities PR and Fs are dimensionless and depend upon
two further dimensionless parameters T•and P1 • P 1 is a dimension-
less meniscus distance defined as

2 2 •
P1 -r*/(2hoRx)i(cos 2 y + 1/k sin y) (4-52)

h for ball-race contact is taken as the plateau EHD film

tfickness given by Eq. (4-7).

For ball-cage contact ho is as calculated in Section 4.5.

r* is the distance of the oil meniscus from the contact
center along the rolling direction.

ais the product of the pressure viscosity coefficient of
the lubricant and tha maximum fluid pressure qmax that
prevails if the lubricant is isoviscous.

" assumes values between 0 and I with a = 0 indicative of 1
purely hydrodynamic and a = 1 of purely elastohydrodynamic
conditions. a = 1 is taken for ball-r',ce and a= 0 for
ball-cage pocket calculations. I

Plots of FS and F as a function of for various valuesof 6are given as rFgs. (4-9) and (4-10) taken from {5}.

For the EHD ball race contacts the following expressions
have been fit to the Tr vs PI curve in Figure 4-10 for .= 1.

FR = 28.S91nP1 - 10.1; PI<5
S(4- 53)

FR = 36.S71npl - 22.85;p1>5

F_ is not considered for a ball-race contact because the
amount of sliding is so small.

For the predominantly hydrodynamic contacts, (;= 0) which

arise between the ball and the cage web, both pumping and sliding
friction are considered. The following equations were fit to
the a 0 curves in Figs. (4-9) and (4-10)

81
)



ii

Lso

40

30

20

10

00

FIGURE 4-9

VARIATION OF Fs WITHp p

82



I

,u.s

120 0.8

100

80 .1

'or

40 t

10 102

FIGURE 4-10

VARIATION OF FR WITH-THE' IMENSIONLESS

MENISCUS DISTANCE p,

83



F R~ 8.S x 10< 14 (100 - 7;p< .4 (-4

I]

FR 8.53 x 10-14 [lnd1OOO~j)j 15.57O; p1 <.l(-4

FR = 36.576 in p1 -29.32; paS. 4 .

= 1.71 x 10-9 in (1000p 1) 11.01 ; p1 < 2 (4-55)

Fs 10.115 (lnpl)* 965 + 1.5; Pl >2

In applying the above results to ball-cage web and ball-racefi contacts it is necessary to interpret the geometrical parameters
of the general configuration of Fig. 4-7 in terms of the appropriate
bearing dimensions.

Fig. 4-11 shows the relevant geometry for the two contact types
as well as the direction of the various force components.

In this Figure r denotes the ball radius, r' the cage pocket
radius, r the outer ring groove radius, R the radius to the
center of the contact ellipse and a the outer ring contacL
angle.

The value of the meniscus distance r* to use for a ball-cage

contact mu-t be selected. It will vary with the efficiency
of the lubricant supply and the size of the ball. A relation
of the following form has been assumed.

r* = kI(XCAV) r (4-56)

•here

r = ball radius
"XCAV = fraction of oil in the oil air mixture present

in the bearing
kl = a constant of proportionality

The form of Eq. (4-56) follows from the rather simple
considerations that 1) r* should increase with ball radius
if lubricant supply is plentiful and 2) it should increase
"with the total amount of oil available a quantity that is reflected
in the term XCAV. Eq.(4-56)simply combines these two factors
multiplicatively with k, as a constant of proportionality.

Experience in fitting experimental and calculated heat
T generation rates indicates that XCAV = 0.10 represents a relatively

large amount of lubricant.
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Reasoninf that for values of XCAV approaching 0.10 the
lubricant will tend to fill the cage pocket and, assuming a
pocket height of half the ball diameter.r (see Fig. (4-5)),
then r* = 0.Sr for XCAV = 0.10.

This gives

r* 0.5r 5.0 (4-57)

Accordingly, k, = S.0 has been used in Program AT74YO01
for calculating the meniscus location for ball-cage pocketH contacts.

4.7 BALL DRAG FORCE IN AMBIENT LUBRICANT

is In {17} the following form of "churning friction force"

is cited, to account for all friction losses on the ball
other than EHD sliding traction in the ball/race contacts:

p= PAy Cv (do2
Fw v (dmW 0) (4-58)

7 8 g
where Fw is the drag force

Av: the ball frontal area

C a drag coefficient given in (17) as a function
of the Reynolds number

dm: the bearing pitch diameter

W 0: the ball orbital angular velocity

g: the gravitational constant

S: the density of the air-oil mixture in the bearing
cavity

- XCAV . P0  (4-59)

XCAV: the fractional amount of lubricant assumed to
be in the bearing cavity

P : the density of the oil

Three hydrodynamic force components at each point contact
on a ball have been defined and are identified in Section 4.6.
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These components tend to retard ball motion as would Fw.

Since two race contacts and a cage contact exist for each ball,
15 force components have been made explicit. After accounting
for all contact friction forces, there is left a residual loss
due to "windage" or "drag" acting on a ball as it moves through
the air-oil mixture in the bearing cavity. Eq (4-58) has
been used to model this windage force.

The value XCAV = 0.025 was adopted in using Program AT74YOOI0
to predict the bearing performance under full scale test condi-
tions (cf. Section 7) after comparing experimental and computed
heat generation rates for varicus values of XCAV using the
data in {20}. As discussed in Section 7, XCAV in actuality
is a function of lubricant supply rate, method of supply, speed
and bearing and bearing cavity geometry. Additional insight
into the influence of XCAV on bearing performance variables
is contained in Section 8.

4.8 BEARING LIFE REDUCTION DUE TO ASPERITY INTERACTION

In {5} and {18} the form of a reduction factor accounting
for the effect of surface asperity interaction was deducedand its parameters were set to best fit to a large body of
rolling contact life test data.

As employed in Program AT74YO01 the reduced tenth percen-
tile life LIO is calculated as follows,

101
r '(h/ c)1

L10 + L. 10)0 (4-60)

where

Ip(h/a) 02h/a) (4-61)
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= density function of standard
normal distribution

0H =cumulative distribution function
of standard normal distribution

LII
h/a ratio of plateau film thickness

to surface roughness for most
.Ii heavily loaded ball

(L 0), = the full film life

The term (LIO). is calculated using the principles of
Lundberg-Palmgren and multiplying by the user supplied product
of two factors which represent by Industry practice the life
improvement due to the type of material from which the bearing
is fabricated and the life improvement due to full EHD film
conditions. (LjI)• is then down-rated to actual film conditions
by Eq. (4-60). This point is discussed further in Sections
"5 and 6.
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SECTION 5

INPUT DATA PREPARATION

5.1 TYPES OF INPUT DATA

A complete set of input data comprises data of four
distinct categories . Within these categories cards which con-
vey specific kinds of information are referred to as card
types. Depending on the complexity of the problem the input
data set may contain one or several cards of a given type.
The categories are listed below.

I. A Title Card plus a second card which provides the
program control information for the shaft-bearing
solution.

II. A set of up to sixteen (16) card types each set describing
one bearing in the assembly. All bearings must be so
described. The card sets must be input sequentially
in order of increasing distance from a selected end of
the shaft.

III. A set of up to nine (9) card types to describe the
thermal model of the assembly.

IV. A set of three (3) card types to describe the shaft
geometry, bearing locations on the shaft and shaft
loading. -

If the program is being used to predict the performance
of a bearing assembly, cards from all four sets must be included
in the runstream. If the program is being used to thermally
model a mechanical system wherein no bearing heat generation
rates are required, and therefore no bearing calculations
need be performed, the cards from sets II and IV are omitted.

The review of required input information which follows is
broken into the four sets of data categories given above, with
special emphasis on program control data.

The input data instructions are given in Appendix B,
and are for the most part, self explanatory. They are laid
out in the format of an eighty column data card. A description
of the variables is given in the input instruction forms. Also
included in Apuendix B is a sample set of completed forLas for
the special case wherein a single thrust loaded ball bearing

is to be analyzed.

89



tj

The units used for input data are as follows:

Linear Dimensions - (mm)
Area - (mm2 )
Angles - (degrees)
Bearing Xngular Mounting Errors - (radians)
Rotational Speeds - (RPM)
Linear Speeads - (m/sec)
Force - (Newtons) (N)
Moments - (N-mm)
Pressure, Elastic Modulus - (N/mm 2 )

ri Density - (Kg/m 3 )
Kinematic Viscosity -(m

*'Vperature - (degrees centigrade) (°C)SLo,,:fficient of Thermal Expansioi) ý°C-l)
Thermal Conductivity - (lWatts/m-/ Q

S5.2 DATA SE-T I - TT'i'•E CARDS

5.2.1 Title Card I

This card should contain the computer run title and any

information which might prove useful for future identification.
The full eighty (80) columns are available for this purpose.
" The title will appear at the top of each page of Program output.

5.2.2 Title Card 2

This card provides the conr-ol information for the shaft
bearing solution.

Item 1: Shaft Speed in rpm, GOV (1), helps identify the
card as bearing related.

Item 2: Number of Bearings on the shaft (NBRG), a minimum
of zero is permitted if no bearing solution is being sought.
A maximum of five is permitted.

Item 3: Print Flag (NPRIYT), NPRINT equal to zero is normal
and will result in no intermediate or debug output. With a value
of one, a low level intermediate print is obtained at the end
of each shaft bearing iteration. The tralues of the variables,
the inner ring displacements, and the equation residues are
printed. At the end of each bearing iteration, wherein the
rolling element and cage equilibrium equations are solved, an
error parameter is printed which has the value:
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Er:ror Parameter = XN/AXNl1

AXN is the change in the variable X specified at
iteration N.

"AXN_1 is the change in the variable specified at
the previous iteration.

The Error Parameter is calculated for each of the bearing I
variables, but only the largest one is printed.

Additionally, at the end of each Clearance Change iteration,
the clearance chaiige error parameter is printed. This error
is defined:

ADCLN - ADCLN-1
Error ParameterN Ll

KRlling Element Diameter

where ADCLN and ADCLN_1.denote the clearance changes calculated
at the current and previous iterations respectively.

If NPRINT is set to 2 all of the above information is
printed. Additionally the variable values and residue values
are printed for each iteration of the rolling element elastic
(frictionless) equilibrium solution. For a ball bearing,
these variables are x1 and Yl, the ball center coordinates
for each ball.

An NPRINT value of 3 is the same as NPRINT = 2 except that
* variable and residue values are printed during the frictional

equilibrium solution and omitted during the elastic solution.
For a ball bearing these variables are, for each ball, x
Wo, Wx, (o%, toz and additionally, zc, the displacement between
the cage pocket and ball centers for a referance ball.

Item 4: ITFIT controls the number of iterations allowed to
satisfyt--te bearing clearance change iteration scheme. If
ITFIT is set to zero (0), or left blank, the clearance change
portion of the program is not executed. If a positive integer
is input, the clearance change scheme is utilized with a maximum
iteration limit of five (5). If a negative integer is input,
the scheme is used with a maximum iteration limit equal to
the absolute value of the negative integer.

Item 5: ITMAIN limits the number of iterations attempted
during the solution of the shaft and bearing inner ring equili-
brium problems, i.e. establishing the equilibrium of bearing
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reactions and applied shaft loads. If ITMAIN is left blank,
set to zero, or to a positive integer, then (15) iterations
are permitted. If ITMAIN is set to a negative integer the
number of iterations is limited to the absolute value of that
integer.

Item 6: GOV(2) or EPSFIT is the convergence criterion
for ti"e'-Nmetral clearance change portion of the analysis.
As mentioned under item 3 above, this error parameter is defined
to be

Error Parameter (ADCL)N - (ADCL)N-1
Rolling Element Diameter

I. The iteration scheme is t:--minated when the error parameter

is less than the input value of EPSFIT. If EPSFIT is left
V1 blank or is set to zero (0), the program default value of

0.0001 is used.

Items 7 & 8: Main loop accuracy for frictionless elastic
(EPS1) and friction solution (EPS2). These accuracy values
"control the accuracy of the shaft bearing deflection solution
as well as the quasi-dynamic solution of the component dynamics
(cf. Sect. 3). If EPS1 and EPS2 are left blank or set to
zero (0), default values of 0.001 and 0.0001 respectively
are used.

Item 9: NPASS controls the level of the bearing solution

NPASS = blank or zero results in a frictionless
solution

NPASS = ± results in bearing dynamic solutions
based on ring displacements which produced
inner ring equilibrium in the frictionless
solution, inner ring displacements are
"not then recalculated with friction
forces included and therefore inner ring
equilibrium is not guaranteed.

NPASS = 2 results in bearing dynamic solutions
and inner ring equilibrium.

5.3 DATA SET II - BEARING DATA

Most of the input instructions are s'if-explanatory.
Where certain items are deemed to require more explanation
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than given in the input data format instructions they are
treated on an individual basis by card type and item number. I

Most of the bearing input data is read into a two dimen-
sional array named "BD", which has the dimensions (1580, 5).
For each of the five bearings permitted on a shaft, a total
of 1580 pieces of data may be stored. Denoting BD(I,J), I
represents a specific piece of bearing data, J represents
the bearing number. The bearing input data of Data Set II
occupies the first 85 locations of the 1580 allotted. On the
input data format sheets the designation BD(I) where I = 1...85,
denotes the location within the BD array where each piece
of input data is stored. .1

5.3.1 Card Type 1

Item 1: Bearing type columns 1-10 must be specified, lett
justifieg, i.e., "B" or C in column 1. This format must be
followed since the Program recognition of bearing type, (ball
bearing or cylindrical roller bearing), is derived from reading
the "B" or "C" in the first column of this card.

Items 2 & 3: Columns 11-30 and 31-50, "Steel designations",
inner and outer rings respectively. The alphameric-literal
description of the steel types such as "M-50" or "AISI 52100"
is input. I

Items 4 & 5: Columns 51-60 and 61-70, the numbers input
to- items 4 and 5 are used to account for improved materials
and multiply the raceway fatigue lives as determined by
Lundberg-Palmgren methods. Typical life factor values for
modern steels are in the neighborhood of 2.0 to 3.0. If the -.
ASME Publication Life Adjustment Factors for Ball and Roller
Bearings, is referenced by the user, the Material Factor D
and the Material Process Factor E should be used nultiplicatively
as inputs for items 4 and S.

Item 6: Columns 71-78, "Orientation angle of the first
rolling element". (01) (degrees). Refer to Fig. (3-1). The
quasi-dynamic rolling element bearing problem has an infinite
number of solutions which fall within a narrow envelope having
a periodic shape. The solution obtained is a function of
the rolling element positions relative to the bearing system
coordinate axes. ci= 0, places a rolling element on the
Y axis and is the choice c~stomarily made. ýj can be desig-
nated as any value 0 <&VI< 1-7T where n is the number of rolling
elements. For each differ~Wt value assigned to $1 a different,
although similar, bearing solution will be attained.
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Item 7: Column 80, a signal, termed the crown drop flag,
which specifies for a cylindrical roller bearing, whether
the roller-race crown drops will be calculated, or read
directly. If item 7 is blank or zero, the crown drops are
calculated based on the roller-race crown radius, effective

""* and flat length input information. If the crown drop flag is
other than zero or blank the race to roller crown drop for a
non-uniform race or roller profile must be specified at up to
20 uniformly spaced positions along the roller-race effective
contact length using Bearing Data Card Types 5 and 6 (see
below).

5.3.2 Card Type 2

. a Card Type 2 data are self-explanatory.

5.3.3 Card Type 3

S.3.3.1 Ball Bearing Geometry Input - The Program can analyze
three types of ball bearings:

1) Split Inner Ring
2) Angular Contact (mounted in sets of two or more)
3) Deep Groove

However, the input is structured from the point of view
of split inner ring ball bearings. For this bearing Figs. 5-1 and
5-2 define the input variables. Recognizing that the user
might not have all of the data readily on hand and in fact
might like to have the variables calculated, he must input
only two of the first six variables. He must input either
Items 3 or 6. Item 3 is the contact angle -under an axial
gage load, as shown in Fig. 5-1(a). Item 6 is the bearing
diametral clearance PD, i.e., that clearance measured with
the shim in place with the inner and outer ring groove centers
axially aligned. PD is shown in Fig. 5-2(a). The user must also
specify one of the four variables, Items I, 2, 4 or 3. viz,
shim width, W, shim angle, as (degrees), diametral
play (Sd), or axial play without the shim, (PE), respectively. All
of these variables are shown on Fig. 5-2. The unspecified
variables will be calculated and printed.

"In order that the angular contact and deep groove ball
bearings be treated properly, cpre must be taken with the

input specifications of bearing contact angle and diametral
clearance. Within the Program the deep-groove and angular
contact bearings are distinguished from each other by the
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ability of the inner ring groove of deep-groove ball bearings
to axially align and move freely with respect to the outer
ring groove. Angular contact bearings are usually mounted in .1
pairs such that the inner and outer ring grooves of a single
bearing are offset under a no-load condition. This offset is
fixed and is maintained despite changes which might occur in
ring and ball diameters during operation.

If the bearing is a deep-groove ball bearing with the
inner ring free to move axially such that a positive or
negative contact angle can be obtained under respective positive
or negative axial loads then the initial contact angle, (ANG,
Item 3), should be set to zero degrees at input and the bearing .[
diametral clearance PD is then input as the value measured
with the curvature centers of the inner and outer rings in
the same plane.

When defining the input to Item 3 for an angular contact
ball bearing, the user should input the actual contact angle
as defined in Fig. 5-1(b) only if the bearing has no initial
operating clearance. If there is some clearance, Sd, the angle
Uo, as defined in Fig. 5-3(b) should be input, as Item 3.

5.3.3.2 Cylindrical Roller Bearing Contact Gecmetry Data -
All items are used to define the roller-race contact -

geometry. "Flat length" and "Crown Radius" are used to !
calculate roller-race separation along the roller profile
if this information is not specifically input. See Item 7 I,
of the Bearing Data title card and Bearing Data Cards 5 & 6. -| F

Items 1 and 3 "Effective Contact Length" refer to the
longest possible length which can obtain at a roller-race - -

contact. Typically this is the roller total length less the
corner radii. If, however, the raceway undercuts are exceptionally
large so that the track width is smaller than the effective
roller length then the track width should be input.

5.3.4 Card Type 4

Items 1 through 6 define the statistical surface microgeo-
metry parameters of the rollers and raceways. Items 1 through
3 require the input of root mean square (RMS) surface roughness.
If the user's source data specifies surface roughnesses in
arithmetic average values (AA) these values must be converted
to RMS by multiplying by 0.9.

Items 4 through 6 are RMS values of the slopes measured
in degrees of the surface asperities as measured in a traverse
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across the groove for rings, longitudinally for rollers and
in any arbitrary direction for balls. Typical values for
raceway and rolling element surfaces are 1 to 2 degrees.

Item 7 is the coefficient of coulomb friction applicable
for the contact of asperities. Unless specific information
indicates otherwise, a value of 0.1 is recommended.

5.3.5 Card Types S & 6 1
These cards are used to input the outer and inner race

roller-race separation along the roller profile. These
cards must be omitted if item 7 of the Bearing Data Title |
card is zero or blank.

5.3.6 Card Type 7

Item 1: Column 1-10, this item (XCAV) is used to describe
the percentage of the bearing cavity, estimated by the user,
to be occupied by lubricant, 0< XCAV< 100. A value XCAV = 2.5
has been used in conjunction with predicting the full scale

S~bearing test results in Section 7. Additional discussion on -

the influence of XCAV is given in Section 8.

The fluid drag acting on each rolling element is directly
proportional to XCAV. Of the factors considered it has been
found that fluid drag has the most significant influence upon
cage slip. The drag effect also makes a substantial contribu-
tion to bearing heat generation.

Items 2-6: These items describe the cage design informa-
tion which allows the application of Petroff's Equation to
model cage-rail-ring-land friction.

5.3. 7 Card Types 8, 9, 10, 11, 12

These cards are to be included only if the change in
bearing diametral clearance with operating conditions is to
be calculated, i.e. if item 4 ITFIT on the Bearing Title Card
is non-zero. On Card Type 8, tight in-cerference fits bear a
positive sign and loose fits, a negative sign.

Items 3 and 6 on Card No. 8 are termed the shaft and

housing effective widths respectively. The value specified
for these effective widths may be as great as twice the ring
width.

Use of an effective width is an attempt to account forSthe greater radial rigidity of a shaft than the ring that is
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pressed on to it, owing to the fact that the shaft deflects
over a distance that extends beyond the ring width. In the
program the calculated internal pressure on the ring due to
its interference fit with the shaft, is distributed over the
shaft effective width and this (lower) pressure is used
in computing the shaft deflection. Usinf double the actual
width as the effective width is customary.
5.3.8 Card Type 13

This card specifies the lubricant type. If Item 1, NCODE
is 1, 2, 3 or 4 the Program uses preprogrammed lubricant
properties for the lubricants discussed in Sect. 4.

NCODE Lubricant
T • A specific mineral oil
2 A MIL-L-7808 G
3 C-Ether
4 A MIL-L-23699

No further information is required on Card 13.

if zero is input for Item 1 the lubricant information and
properties corresponding to Items 2 and 7 must be specified.

5.3.9 Card Type 14

Items 1 and 2. These items are the amounts Aý by which
the combined thickness of the lubricant film on the rolling
track and rolling element is increased during the time interval
between the passage of successive rolling elements, from what-
ever replenishment mechanisms are operative. Item 1 applies
to the outer and Item 2 to the inner race-rolling contacts
respectively. The question of selecting appropriate values
of AC is discussed in Section 4.3 and in Section 8.

Items 3 through 6 are to be non-zero only if the user
specifies a lubricant other than one of the four previously
listed, in which case Items 3 through 6 define the concentrated
contact friction model according to Fig. (5-4). The equation
of this curve is the same as Eq. (4-7) of Section 4-4, with
appropriate changes in the notation.
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For the four lubricants noted the above curve is calculated
as a function of sliding and entrainment velocities, local
contact pressure and film thickness as described in Section 4.

5.4 DATA SET III - THERMAL MODEL DATA

Appendix A has been included to aid the user in his data
preparation and calculation of heat transfer coefficients
required at input.

5.4.1 Card Type 1

Card type 1 is a control card. If no temperature map
is to be calculated, this card is to be included as a blank
card followed by a Type 2 card for each bearing on the shaft.
Card Type 1 contains control input for both steady state and
transient thermal analyses. It is not intended however, that

both analyses be executed with the same run.

Item 1: The highest node number (M). The temperature

nodes must be numbered consecutively from one (1) to the
highest node number. The highest node number must not exceed
one hundred (100).

Item 2: Node Number of the Highest Unknown Temperature
Node TNT'.This number should equal the total number of
unknown node temperatures. It is required that all nodes
uith unknown temperatures be assigned the lowest node numbers.
The nodes which have known temperatures are assigned the
highest numbers.

Item 3: Common Initial Temperature (TEMP)oF: The temperature
L] solution iteration scheme requires a starting point, i.e.,

guesses of the equilibrium temperatures. Card Type 3 allows
the user to input guesses of individual node temperatures.

U lWhen a node is not given a specific initial temperature, the
temperature specified as Item 3 o2 Card Type 1 is assigned.

Item 4: Punch Flag (IPUNCH): If the Punch Flag is not
zero (0) or blank, the system equilibrium temperatures along
with the respective node numbers will be punched according
to the format of Card T3. This option is useful if, for
instance, the user makes a steady state run with lubrication,
and then wishes to use the resultant temperature as the initia-
tion point for a transient dry friction run in order to assess
the consequence of lubricant flow termination.
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Item 5: "Output Flag" (IUB). If the "Output Flag" is

not zero the bearing program output and a temperature map will .|
be printed after each call to the shaft bearing solution scheme.
This printout will allow the user to observe the flow of
the solution and to note the interactive effects of system
temperatures and bearing heat generation rates. Since the
temperature solution is not mathematically coupled to the
bearing solution the possibility exists that the solution
may diverge or oscillate. In such a case, study of the
intermediate output produced by the "Output Flag" option
may provide the user with better initial temperature guesses
that will effect a steady state solution.

Item 6: "Maximum Number of Calls to the Shaft Bearing
Program" (IT1). ITi is the limit on the number of Thermal- r|
Shaft-Bearing iterations, i.e., the external temperature 4
equilibrium calculation. The user must input a non-zero
integer such as 5 or 10 in order for the Program to iterate
to an equilibrium condition. If IT1 is left blank or set to
zero (0) or 1, shaft bearing performance will be based on the
initially guessed temperatures of the system. The tempera-
tures printed out will be based on the bearing generated
heats. It is unlikely that an acceptable equilibrium condition U

will be achieved. However, the temperatures which result may
provide better initial guesses, for a subsequent run, than st e
those specified by the user.

IT1 also serves as a limit on the transient temperature
solution scheme, by limiting the number of times the shaft-
bearing solution scheme is called. Each call to the shaft-
bearing scheme will input a new set of bearing heats to the
transient temperature scheme until a steady state condition
is approached or until the transient solution time up limit

-i is reached.

Item 7: "Absolute Accuracy of Temperatures for the
External Thermal Solution" (EPI). In the steady state thermal
solution scheme, each calculation of system temperatures occurs
after a call to the shaft-bearing scheme which produces bearing
generated heats. After the system temperatures have been
calculated for each iteration, using the internal temperature
solution scheme, each node temperature is checked against the
nodal temperature at the previous iteration.

If{t(N) - t(_)< EPl for all nodes i then equilibrium
has been achleved an Mt•e iteration process stops.
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Iten 8: "Iteration Limit for the Inter..,i Thermal Solution"
(MT). After each call to the shaft bearing program, the
internal temperature calculation scheme is used to determine
the steady state equilibrium temperatures based on the calculated
set of bearing heat generation rates. If the program is used I
to calculate the temperature distribution of a non bearing
system it is the internal temperature scheme which is employed.
Tf IT2 is left blanL or set to zero, the number of internal
iterations is limited to twenty (20).

Item 9: "Accuracy for Internal Thermal Solution" (EP2).
The usTe ofEP2 is explained in Section 3.6. If EP2 is left
blank or set to zero (0), a default vplue of 0.001 is used.

Item 10: "Starting Time" (START) is a time Ts at which
the transient solution begins; usually set to zero (0).

Item 11: "Stopping Time" (STOP) is the time in seconds at
which tTe transient solution terminates,Tf . The transient
solution will generate a history of the system performance
which will encompass a total elapsed time of

(Tf - T.) seconds

Item 12: "Calculation Time Step" (STEPIN). The transient
Li internal solution scheme solves the system of equations

it t +__ AT

~A T = STEPIN

The user may specify STEPIN. If left blank or set to zero (0),
the Program calculates an appropriate value for STEPIN using
the procedure described in Sectioq 3.6.

Item 13: "Time Interval Between Printed Temperature Maps"
(TTIME) seconds. The user must specify the length of time
which will elapse between each printing of the temperature
map. The interval will always be at least as large as the
"calculation timestep" (STEPIN).

Item ]4: "Time Interval Between Calls of the Shaft Bearing
Portion of the Program" (BTIME). BTIME will always have a
value larger than or equal to (STEPIN) even if the user
inadvertently inputs a shorter interval. Computational time
savings result if BTIME is greater than STEPIN, however,
accuracy might be lost.
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S.4.2 Card Type 2

Card Type T2 is required, one card for each bearing if no
thermal analysis is being performed. The temperature data is
used within the shaft-bearing analysis portion of the program
to fix temperature dependent properties of the lubricant in
which case the inner race, outer race and lubricant bulk
cavity temperatures are used. The assembly component tempera-
tures at each bearing location are used in the analysis which
calculates the change in bearing diametral clearance from
"off the shelf" to operating conditions.

Item 9: "Flange" temperature is not currently used in the
analysis'. It simply provides for future consideration of
tapered roller bearings.

5.4.3 Card Type 3

In the steady state analysis this card is used to input
initial guesses of individual nodal temperatures for unknown
nodes as well as the constant temperatures for knovn nodes,
such as ambient air and/or an oil sump. - 1

In the transient analysis: Card Type T3 is used to input
the nodal temperatures of all nodes at (START) = T i.e.
at the initiation of the transient solution.

5.4.4 Card Type 4

of With this card, node numbers are assigned to the components
of each bearing, one card per bearing. With this information
the proper system temperatures are carried into each respective
bearing ai.alysis. The inner race and inner ring node numbers
may or may not be the same at the user's discretion. Similarly
the outer race and outer ring node numbers may or may not be
the same.

5.4.5 Card Type 5
hetThe shaft bearing system analysis accounts for frictional

nheat generated at four locations in the bearing, i.e. at tl.'
inner race, the outer race, betweep the cage rail and ring
land, and in the bulk lubricant due to drag. The heat genera-
ted at the hydrodynamic cage-rolling element contact is added
"to the bulk lubricant. Heat generated at the flange is not
presently considered. This card allows the heat generated to
be distributed equally to two nodes. For instarce the heat
generated at the inner race-rolling element contact should be

105



distributed half to the rolling element and half to the inner
race. The heat developed between the cage and inner ring
land may be distributed half to the inner ring and half to
the cage if a cage node has been defined, otherwise, half to
the bulk lubricant.

5.4.6 Card Type 6

This card specifies the node numbers and the heat genera-
tion rate for those nodes where heat is generated at a constant
rate such as at rubbing seals or gear contacts.

5.4.7 Card Type 7

This card type is used to input the numerical values
of the various heat transfer coefficients which appear in the
equations for heat transfer by conductivity, free convection,
forced convection, radiation and fluid flow. Up to ten
coefficients of each type may be used. Separate values of
each type of coefficient are assigned an index number via
card T7 and in describing heat flow paths (Card Type T8 below)
it is necess only to list the index number by which heat
transfers be" .,n node pairs.

Indices 1-J0 are reserved for the conduction coefficient
X, 11-20 for the f--ee convection parameters, 21-30 for forced
convection, 31-40 for emissivity and 41-50 for fluid flow
(product of specific heat, density and volume flow rate).

As an example, for heat transfer bj conduction with
coefficient X of S3.7 watts/M°C one could prepare a card type
T7 with the digit 1 punched in column 10 and the value 53.7
punched in the field corresponding to card columns 11-20.
If a conduction coefficient of 46.7 were applicable for
certain other nodes in the system one could punch an additional
card assigning index No. 2 to the value X = 46.7 by punching
a "2" in card column 10 and 46.7 anywhere within card columnns
11-20.

Rather than inputting constant forced convection coefficients
optionally these coefficients can be calculated by the program
in one of three ways. If the calculation option is exercised
a pair of cards is used in place of a single card containing
a fixed value of a The contents of the pair of cards depenos
upon which of the three optional methods are used.

SOption 1) a is independent of temperature but is calculatedV as a function of the Nusselt number which in
turn is a function of the Reynolds number Re,
the Prandtl number Pr as follows, (cf. {10 })
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a oil /LNu 1
SNu aRbpc

e r
where X oil is the lubricant conductivity, L is a

characteristic length (with a unit of meters)
and K, a and b are constants.

Option 2) a is a function only of fluid dynamic viscosity
and viscosity is temperature dependent.

d
a = C•

Option 3) a is a function of the Nusselt, Reynolds and
Prandtl numbers and viscosity is temperature
dependent.

5.4.0 Card Type 8

This card defines the heat flow paths between pairs of
nodes. Every node must be connected to at least one other
node, i.e., two or more independent node systems may not be
solved with a single Program execution.

The calculation of heat transfer areas is based on lengths,
L1 and L2 (per page 194) input using Card Type T8. Additionally, the
type of surface for which. the area is being calculated is indicated
by the sign assigned to the heat transfer coefficient index.
If the surface is cylindrical or circular the index should.1
be positive, if the surface is rectangular the index should
be input as a negative integer.

In the case of radiation between concentric axially
synametric bodies, L3 is the radius of the larger body. For
radiation between two parallel flat surfaces or for conduction
between nodes, L3 is the distance betueen them.

Fluid flow heat transfer accounts for the energy which
the fluid transports across a node boundary. Along a fluid
node at which convection is taking place, the temperature
varies. The nodal temperature which is output is the average
of the fluid temperature at the output and input boundaries.
If the emergence temperature of the fluid is of interest, it
is necessary to have a fluid node at the fluid outlet. At
this auxiliary node only fluid flow heat transfer occurs and
the fluid temperature would be constant throughout the node.
Thus the true fluid outlet temperature will be obtained.
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Conduction of heat through a bearing is r:ontrolled by
index 51. The actual heat transfer coefficient which contains
a conductivity, area and a path length term is calculated in
the bearing portion of the program. The term is based upon
an average outer race and inner race rolling element contact.

5.4.9 Card Type 9

Tnis card inputs data required to calculate the heat
L capacity of each node in the system. This card type is required

only for a transient analysis.

S5.5 DATA SET IV - SHAFT INPUT DATA

The shaft-bearing analysis requires all loading to be
applied to the shaft. The loads applied to each bearing are
a product of the shaft-bearing solution. There is no need
for the user to solve the statically determinant or indeter-
minant system for bearing loads. Even if a single bearing is
being analyzed with the applied load acting through the center
of the bearing, data for a dummy shaft must be supplied.

In the analysis the housing is assumed to be rigid.
Provision has been allowed to input data for housing radial
and angular spring characteristics. However, this has
been done for future consideration of an elastic housing and
is not used.

The shaft input data consists of three card types:

1) Shaft Geometry and Elastic Modulus Data
2) Bearing Position and Mounting Error Data
3) Shaft Load Data

5.5.1 Card Type 1

This card type is used to describe shaft geometry at up
to twenty locations along the shaft. The user must place his
shaft in a cartesian coordinate system with the end of the
shaft at the origin and with the shaft lying along the X-axis.

The shaft may have stepwise and linear diameter variations.
The stepwise variations require a single card which specifies
different diameters immediately to the left and right of the
relevant X shaft coordinate. The shaft analysis assumeF a
linear diameter variation if on two successive cards, i.e.
two successive X coordinates, the diameters to the right of the
location differ from the diameters to the left of the location
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of the following card. Complex shaft geometries may be approxi-
mated with a set of linear diameter variations spaced at
close intervals.

If an Elastic Modulus is not specified at the designated -.
input location, the modulus of steel is assumed.

5.5.2 Card Type 2

This card type locates the bearing inner ring on the
shaft in the X-Y and X-Z planes. For a ball bearing, the
X coordinate specified locates the-inner ring center of
curvature. For cylindrical roller bearings the X coordinate
locates the center of the inner race roller path.

In addition to specifying bearing location, the Type 2
card is also used to specify Ihousing radial and angular
mounting errors. As mentioned previously, space has been
reserved for inputing housing radial and angular spring
characteristics, however, these characteristics are not used
in the system analysis.

Two sets of Type 2 cards may be required. The first set
is always required and defines housing alignment errors in
the shaft X-Y plane. The second set defines the housing
alignment errors in the shaft X-Z plane and is required
only if non zero errors exist for the particular bearing in
question.

The firs set of fype 2 cards must contain a card for

each bearing.

5.5.3 Card Type 3

Type 3 cards are used to specify shaft loadings at a
given X coordinate. Loading may be applied in the x-y and
x-z planes, thus requiring two distinct sets of Type 3
cards. Applied loads may have the form of concentrated radial
forces, concentrated moments, linearly distributed radial
forces and concentrated axial loads which may be eccentrically
applied. If an axial load is eccentrically applied, the moment
which results must not be separately calculated and input as
a concentrated moment.

Variations in distributed radial loads are handled at
input just as shaft linear dian,-ter variations are handled.

Note that each set of Type 3 cards must be followed by
a blank card.
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SECTION6 OTU

COMPUTER PROGRAM OUTPUT

6.1 INTRODUCTION

The Program Output is intended to provide the engineer
or designer with a complete picture of a shaft-bearing system's
performance.

H In addition to the calculated output data, the input data
is listed, thus producing a complete record of the computer
run.

LI A sample set of program output is included for reference
as Appendix C and represents the solution for a single 125 mm
bore angular contact ball bearing operating at 25,000 rpm under
a thrust load of 3,280 lbs. (14,679 Newtons) with MIL-L-7808Glubricant.

The first seven pages of output essentially consists of
Sa summary of the input data categorized into bearing, cage,

steel, lubricant, fit temperature, and shaft geometry andloading data.

Included in the list of input data pertinent to the bearing
are the results of bearing geometry calculations which pertain
only to the split inner ring ball bearing. Typically the split I
inner ring cold, free contact angle and shim width are specifited
by the user at input. The program calculates the shim angle,
diametral play, diametral clearance as measured with the shim
in place between the two inner ring halves, and the bearing end
play. The input need not be limited to the specification of
shim width and contact angle. The input instructions are
made explicit in Section 5. Regardless of the specific geometry
data which is input, all of the geometry information listed
above is calculated and printed.

For fir specific lubricants evaluated under U. S. A. F.
•-- Contract F33615-72-C-1467 the relevant lubricant data has been

ifcoded into the Program. In this casi e num lubricant input
information consists only of a single number which designates
the particular lubricant but the relevant information for the
lubricant is printed in the input data list.

Except as just noted the actual results of calculations
are printed under the headings "Bearing Output" and "Rolling
Element Output".

Key output items are discussed briefly below.
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6.2 BEARING OUTPUT

6.2.1 Linear and Angular Deflections

These deflections refer to the bearing inner ring relative
to the outer ring and are defined in the inertial coordinate .
system of Fig. 3-1. The bearing deflections are not necessarily
equal to the shaft displacements since the bearing outer
ring radial or angular mounting errors may be specified as
nonzero input.

6.2.2 Forces and Moments "1

These values reflect bearing reactions to shaft applied
loading and outer ring mounting errors.

When the bearing inner ring has achieved an equilibrium
position, the summation of all bearing reaction loads should
numerically equal the shaft applied loading. When the level
of solution indicated by "NPASS" = 1 is employed, as discussed
in Section 5, differences between shaft applied and bearing
reaction loaas will exist but will typically be less than
10%.

6.2.3 Friction Heat Generation Rate (watts)

The various sources of frictional heat generated within
the bearing are listed. The values printed for "OUTER, INNER,
CAGE-ROLLING ELEMENT" and BALLDRAG represent the sum of the
generated heats for all rolling elements. Additionally the
heats printed for the first three items reflect the friction
developed outside the concentrated contacts i.e. the HD friction
as well as the EHD friction developed within the concentrated
contacts. Items 1 and 2 also include any heat generated as a
consequence of asperity contacts. Asperity friction is neglected
in the cage-rolling element contacts. "BALL DRAG" should be
interpreted as the heat resulting from lubricant churning as
the rolling elements plow through the air-oil mixture.

6.2.4 Torque

* The torque value is calculated as a function of the total
* generated heat and the sum of the inner and outer ring rotational

speeds. The intent is to present a realistic value of the torque .
required to drive the bearings. Under conditions of inner ring
rotation the torque value reflects the torque required to drive
the inner since the inner ring torque also includes that fraction
of torque vequired to impart an angular velocity to the lubri-
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cant in the test bearing. A considerable portion of the lubri-
cant will come to rest within the housing and not at the outer
ring.

6.2.5 Fatigue Life (Hours)

The L1 0 fatigue life of the outer and inner raceways as
well as the bearing are presented. The bearing life represents

Sthe statistical combination of the two raceway lives. These
lives reflect the combined effects of the lubricant film thick-
ness and material life factors. The lubricant film thickness[ life factor is described in detail in Section 4.

6.2.6 h/sigma

L h/a , commonly referred to as A, is printed for the most
heavily loaded rolling element. h represents the EHD plateau
film thickness with thermal and starvation effects considered.
a represents the composite root mean square surface roughness
of the rolling element and the relevant raceway.

6.2.7 Life Multipliers

6.2.7.1 Lubrication - This life multiplier is a function of h/ a
at each concentrated contact and is in the form of derating
factor. Its value ranges from 0.479 for h/u - 0 to 1.0 at h/a
= 4. Since the lubricant life multiplihr is decremental the
normal multiple of 3 used for thick film lubrication must be
multiplied by the material life factor normally used and
this product should be specified at input. This subject is
covered in more detail in Section 5.

6.2.7.2 Material - This output simply reflects the input
value. Againit is covered in Section 5.

6.2.8 EHD Film Data for the Most Heavily Loaaed Rolling Element

6.2.8.1 Friction Coefficient - These values are the arithmetic
average,over the 21 slices into which the contact ellipse is
divided,of the fluid EHD friction coefficient for inner and
outer race contacts. The actual friction coefficient varies
throughout the contact, dependent upon pressure, and rolling
element/race sliding and rolling speeds.

The effective fr'ltion coefficient i.e. the total tractivefore a ecocti riide byfthe no load is differnti
force at the contact hivided by the normal load is different
froE and generally higher thaap this value as it includes a
contribution from the asperity borne portion of the normal

load as explained in Section 4.
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6.2.8.2 Correct.d Film - These values refer to the calculated
EHD plateau film thickness at both contacts and include the
effects of the thermal and starvation reduction factors.

6.2.8.3 Thermal Reduction Factor - These factors pertain to the
EHD film thickness for both the inner and outer race contactsJ
of the most heavily loaded rolling elements, but are applied
to the respective inner and outer race film thickness for
each rolling element in the bearing. :]
6.2.8.4 Starvation Reduction Fa-tor - These factors give for
the inner and outer ring contacts, the reduction in EHD film
thickness ascribable to lubricant film starvation using the
model described in Section 4.

6.2.8.5 Meniscus Distance (mm) - These quantities are the
distance in mm from the contact center to the point in the inlet
along the rolling direction at which the lubricant pressure
rises above ambient.

6.2.9 Lubricant Temperatures and Physical Properties

The lubricant properties, particularly the dynar'c
viscosity and to a lesser degree the pressure viscos4 / coefficient,
are heavily temperature dependent. These factors enter the EHD
film thickness calculation and the HD and EHD friction models.
The lubricant is assumed to be at the same temperature as the :
relevant raceway. As noted elsewhere these temperatures maybe either input directly or calculated by the Program. I

The physical properties printed are self explanatory. The
units are enumerated.

6.2.10 Ring Speeds

The input values for the outer and inner ring speeds
are printed both in revolutions per minute and radians per
second.

6.2.11 Calculated Cage Zpeed

The calculated cage speed will differ from the epicyclic
speed (see below) only when the friction solution is employed.
The calculated cage speed reflects a steady state speed
considering all of the friction forces which develop within
the bearing.
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6.2.12 Epicyclic Cage Speed

Epicyclic cage speed is the average ball orbital speed as
calculated under the assumption that the balls move with the
speed dictated by the outer race control assumption

6.2.13 Percent Difference
1 This value reflects the difference between the calculated

cage speed and the speed obtained from the outer race control

assumption.
6.2.14 Fit Pressures

These data refer to the pressures built up as a consequence
of interference fits between shaft and inner ring and housing
and outer ring. Pressures are presented both for the standard
cold-static condition (15.6670 C) and at operating conditions.

6.2.15 Clearances

"Original" refers to cold unmounted clearance which is
specified at input if the diametral clearance change analysis
is executed. "Change" refers to the change in diametral
clearance at operating conditions relative to the cold unmounted
condition. A minus sign indicates a decrease in clearance.
"Operating" refers to the clearance at operating conditions.
For all types of ball be:-ings the decrease in clearance can
be combined with the init-31 diametral clearance, and the
free operating contact angle at operating conditions may be
calculated. Note that the change in clearance should be com-

*] pared against the diametral play of the split inner ring
* ball bearing in order to determine if Lhe possibility for three

point contact exists. The Program does not account for three
point contacts even though the change in clearance might

,• suggest that three point contact is obtained.

6.2.16 Speed Giving Zero Fit Pressure (Between the shaft and
inner ring)

This is a calculated value based upon operating conditions
and provides a measure of the adequacy of the initial shaft
fit.

6.3 ROLLING ELEMENT OUTPUT

This output is printed for each ball azimuth position.
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6.3.1 Ball Speeds cmie odn.1

All of the ball speeds tend to vary from position to
position when the bearing is subjected to combined loading.

The total absolute ball speed is with reference to a
fixed frame and represents the vector slim of the four components.
The component u and orbital speed wo are additive but opposite
in sign.

6.3.2 Speed Vector Angles

The ball speed vector angles, Arctan (w / x ) and Arctan
(Wz / Wx ) are presented in order to show a cfearer picture
of the predicted ball kinematics. The ball speed vector tends
to become parallel with the bearing X axis with increasing
shaft speed and decreasing contact friction.

6.3.3 Normal Forces

The normal forces acting on each ball are printed. The
ball race normal forces are self explanatory. The cage
force is calculated only when the friction solution is employed.
It is always directed along the rolling element Z axis. If
the rolling element orbital speed is positive, a positive cage
force indicates that the cage is pushing the rolling element,
tending to accelerate it. Cage force is a function of rolling
element position within the cage pocket. Its magnitude is
derived using hydrodynamic lubrication assumptions, when the
distance between the ball and cage web is large, and EHD
assumptions when the separation is of the order of the EHD film
thickness or when ball cage web interference exists (Section 4).

6.3.4 Hertz Stress

The stress printed represents the maximum normal stress
at the center of each ball race contact.

6.3.5 Load Ratio Qasp/Qtot

If the EHD film thickness is small compared to the RMS
composite ball-race surface roughness, the ball-race normal
load will be shared by the EHD film and asperity contacts.
The load ratio reflects the portion of the total load carried
by the asperities.
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6.3.6 Contact Angles

A ball bearing, subject to axial loading, misalignment or
mounted such that the inner ring is always displaced axially
relative to the outer ring, (i.e. a duplex set of angular
contact ball bearings) will have non-zero contact angles.
At low ball orbital speeds the inner and outer race angles. will be substantially the same. At high speeds ball centri-

fugal force will cause the outer race contact angle to be
less than the inner race angle.

[i 6.4 THERMAL DATA

Appendix D contains a sample set of thermal output data

S~for the steady state analysis of the helicopter gearbox depicted
in Fig. 2-1 and using the node assignment shown in that figure.
As in the case for bearing output, all of the input data is
printed. The calculated output data is presented in the form1of a fualfrc e wil in which a node number and the respective

ls thmeanthre inemaceage

node temperature appear. The appearance of the steady state
and transient temperature maps are identical. The transient
temperature map also includes the time (T) at shich the

temperature calculations were made.

6.5 PROGRAM ERROR MESSAGES

6.5.1 From Subroutine ALLT

"Steady State Solution with (EPl) degrees accuracy was not
obtained after (IT1) Iterations".

This message pertains to the external temperature itera-
tion scheme in which system temperatures and bearing generated
heats are being solved for an equilibrium condition.

U 6.5.2 Froin Subroutine SHABE

"It was not possible to obtain the change of clearance with
an accuracy of (ERFIT) times the rolling element diameter
in (ITFIT) iterations .

This message pertains to the bearing diametral clearance
change iteration scheme. The solution may be converging in
which case the number of iterations (ITFIT) should be increased.
This can be checked with an NPRINT 1 intermediate printout.
The intermediate print may indicate that the solution is
oscillating. The most likely cause of oscillation is the

J
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alternate prediction of bearing preload with all rolling elements
loaded, and then in the next iteration, only a subset of the
rolling elements loaded. This problem can usually be overcome
by either of two methods.

1) In subroutine FIT remove the GO TO 20 statement.
This will cause the inner ring load distribution
to have no effect on the change in diametral clearance.

2) The solution can be damped by redefining the solution
damping factor FA, such that it would take on a value
O<FA<l. FA is presently set to 1 in subroutine SHABE.
If this damping technique is used, the number of FIT
iterations should be increased as the value of FA is
decreased. An upper limit of 10 iterations is recom-
mended.

6.S.3 From Subroutine SOLVXX

1) "SINGULAR SET OF EQUATIONS"

This message might occur when the thermal input data
is not input properly.

2) "THE LIMIT FOR NUMBER OF ITERATIONS IS REACHED"

This message might occur either during an internal
thermal solution or bearing solution. Before
increasing the number of iterations check the equation
residue values. If they are low, the solution may be
good enough. 1

3) "THIS IS THE BEST WE CAN DO. IT MAY BE USEABLE."1

This message reflects the fact that the next iteration
will resul, in divergence. The iteration procedure is
thus termii0'ted. The equation residue values should
be checked, if they are low, the solution may be useable.

As noted above the occurrence of messages 2) and 3), do
not necessarily mean that the solution is not good. Generally
"the messages indicate that the solution has not converged as
tightly as the user has requested.

Note: SOLVXX Subroutine is used to solve the internal thermal
solution scheme and the rolling element and cage quasi-dynamic
equilibrium scheme. The XX suffix on SOLV specifies the
version of SOLV contained in the user's program.* As of
this writing the current version is SOLVl2. The suffix is
changed each time improvements are made which require a change
in the SOLVXX calling sequence.
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6.5.4 From Subroutine INTFIT
"Singular matrix on tight shaft fit"
"Singular matrix on loose shaft fit"

These messages reflect an error in the input data usually
as a consequence of inconsistent component diameters, such as
the shaft inside diameter being greater than the outside
diameter.

6.6 GUIDES TO PROGRAM USE

The Computer Program is a tool. As with any tool the
results obtained are at least partially dependent upon the
skill of the user. Certainly the economics of the Program
usage are highly dependent upon the user's technical need anddiscriminate use of Program options.

Some general guides for efficient use of the Program are
"~ .*. listed below:

1. Attempt to use the lowest level of solution possible.
For instance if the prime object of a given run is to
obtain bearing fatigue lives, execute only the elastic
solution (NPASS = 0). If an estimate of bearingHf frictional heat is required, execute the low level friction
solution (NPASS = 1). Execute the higher level friction
solution only if the bearing reaction loads deviate
bubstantially from the shaft applied loading, i.e.
a deviation greater than ten percent.

2. Attempt to input bearing ocerating diametral clearance
rather than calculate it. Or, execute the diametral
clearance change analysis once for a group of similar
runs and use the output from the first run as input
to the subsequent runs omitting the clearance change
analysis.

3. Attempt to input accurate operating temperatures
rather than calculate them.

4. The more nonlinear the problem the more computer time
required to solve it. In the bearing friction solution
large coefficients of friction seem to increase the
degree of nonlinearity. In the thermal solutions,
if possible, eliminate nonlinearities by omitting
radiation terms and by using constant rather than
temperature dependent free and forced convection
coefficients.
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5. In the transient thermal solution, space the calls to
the shaft-bearing solution (BTIME) to as large aninterval as prudently possible.

6. In the stead), state thermal analysis attempt to esti-
mate nodal temperatures on a node by node basis.
Nodes which are heat sources should have higher
temperatures than the surrounding nodes.

The above suggestions are intended to encourage the use
uF the Program on a cost effective basis. The intent is not
za discourage the use of important program capabilities butto emphasize how the program should be most effectively used.

It is suggested that the user take a simple, axially *

loaded ball bear-ing problem and execute the program through
the full range of options beginning with a frictionless s lution
proceeding to the low and high level friction solutioni
with a low (0.01) and high (0.1) friction coefficient. The
diametral clearance change analysis and the thermal solutions
should also be executed on an experimental basis. This exercise
will provide the user with some insight into economics of the
Program usage on his computer as well as the results obtained
from various levels of solution of the same problem.

It is also suggested that a constant user of the program I
should study the hierarchical Program flow chart (Fig. 2-4)
along with the Program listing to gain an appreciation of the
program complexity and the flow of the problem solution. The
Program is comprised of many small functional subroutines.
Knowledge of these small elements may allow the user to more
easily piece together che philosophy of the total problem
solution.
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SECTION 7

DISCUSSION OF PREDICTIVE ACCURACY

In order to evaluate the predictive accuracy of computer
program AT74YO01 a series of full scale bearing tests were
run using a rig capable of simulating the thermal, speed and
loading environment of a high speed aircraft turbine engine.
Heat generation rate, cage and ball rotational velocity and a
measure of the lubricant film thickness were monitored at
many combinations of load and speeds with the speeds ranging
up to 3.1 x 106 DN.

This seztion contains a description of the test rig, the
methods used to measure heat generation rate, cage and ball
speeds, the quantitative interpretation of conductivity data
and a comparison of the measured and predicted results.

7.1 TEST RIG DESCRIPTION

A layout drawing of the rig is presented in Fig. 7-1.
A description of the major rig components follows.

7.1.1 Rig Structural Components

The rig is designed to simulate a single aircraft turbine
engine mainshaft thrust bearing installation utilizing a
125 mm bore - 190 mm O.D. bearing. To this end it avoids thick
sections in the shaft and bearing housing and uses flexible
bearing housing supporting sections. This flexibility is
intended to simulate the self-aligning ability of current
aircraft engine bearing mounts.

The rig proper consists of a 12" diameter cylindrical
housing oC Inconel X-750 in which a hollow shaft of the same
"" aterial and approximately 5" in outside diameter is supported

.- -by the test bearing at one end and by a 7019 size (95 mm bore -

145 irm O.D.) angular contact ball bearing (referred to in this
report as the "rig" bearing) at the other end. The housing
itself is mounted in a horizontal position on a table by means
"of a special support system which maintains centerline height
and parallelism with the table while freely permitting both
radial and axial thermal expansion of the rig.

7.1.2 Thrust Application and Measurement System

The test bearing outer ring housing is not attached directly
to the outer rig housing but rather is supported within a
"load plug" assembly which itself is supported within the main
rig housing by two angular contact bearings (referred to as
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the "load plug" bearings) mounted in a face to face arrangement.
A sliding fit is provided between the inner ring mounting
sleeve for these angular contact bearings and the O.D. of the
load plug. The axial and rotational movement capability
which is attendant to this method of supporting the load plug
provides a means of applying thrust to the test bearing and of
measuring the bearing's torque. Thrust load is applied directly
to an eytension of the load plug which projects through a hole
in the rig end plate. A spring loaded beam, reacting against
the rig end plate, exerts thrust on this load plug extension
through a ball to flat contact. The load beam is equipped
with a temperature compensated strain gage system to provide
thrust measurement capability. The thrust load, imparted in
this manner to the rig shaft through the test bearing, is
reacted by the previously mentioned 7019 angular contact
bearing on the other end of the shaft.

7.1.3 Torque Measurement System

Test bearing torque measurement is permitted by the fact
that the load plug assembly is free to rotate in its supporting
angular contact bearings and at the ball to flat thrust
application point. During operation of the rig the load plug
assembly is restrained from rotating by a flexible "torque
arm" attached to the end plate of the rig. The torque arm is

*] provided with a temperature compensated strain gage system
to allow continuous recording of test bearing torque during

-2 testing.

7.1.4 Rig Drive System

The rig drive system is shown diagrammatically in Fig. 7-2.

A constant speed 75 HP motor drives the test rig through an
eddy-current clutch to provide variable speed.

The motor and clutch combination, mounted on an adjustable
base bolted to the rig table, drives a j;ckshaft through a
flat belt drive. The jackshaft unit consists of a hollow shaft
mounted in matched pairs of preloaded angular-contact bearings
with a 3" diameter removable slightly crowned pulley at its
center. The bearings are supported in steel pillow blocks welded•l to a rigid base and are lubricated by a separate circulating
cold mineral oil supply fed to the top cap of each bearing.
An oil drain running horizontally across the width of the pillow
block returns the oil to the scavenge lines.
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The rig shaft is connected to the jackshaft by a Koppars11 gear coupling. The other end of the jackshaft drives the slip
ring and tachometer assemblies through a rotating electrical
connector and a small flexible coupling. The jackshaft is

flhollow to carry the wiring from transducers ih the test rig
to the slip rings. Shear pins are provided in the base of the
motor pulley to permit rapid stoppage of the rig in the event
of seizure of a rotating component within the rig. A plain
bearing is fitted to the motor shaft to prevent damage to the
surfaces in the event of shear pin breakage.

U 7.1.5 Test Oil Recirculating and Conditioning System

Oil circulation proceeds from an internal-gear-type
pump, a filter unit accepting fiberglass elements, through a

ii flowmeter to the rig. The elements have a specified pore
size of 20 microns and deliberately have excess flow capacity,
by a factor of approximately 2½, in order to secure low
pressure drop and long life, even with oil that is suffering

H some thermal degradation.

The system oil tank is also designed to act as a defoamer.
Oil from the rig drain manifold enters the top of the tank,
which is below rig level, in a direction tangential to the
cylindrical inside surface of the tank. The swirling motion
set up in this way allows time for entrained air to separate
from the oil. The oil then collects in the bottom of the tank
where it is drawn out by the supply pump, either through an
oil cooler or through a cooler by-pass line. The air passes
on to the test cell exhaust system. A certain amount of residual
oil vapor is carried away by the departing air. The air is
"therefore passed through a water-cooled condenser to remove

fl as much of this entrained oil as possible

Both the condenser and the rig's oil cooler are cooled with
water from a central recirculating water system. The oil-inlet
"temperature to the rig is maintained at specified limits by
controlling the water flowrate to the cooler.

The oil tank and defoamer unit will accommodate six gallons
of lubricant which, together with the capacity of the pipes,
pump, filter and inlet manifold, gives a maximum rig oil capacity
of approximately 6½ gallons.

To keep the system oil capacity to a minimum the rig's
oil heating system is integral with the oil tank. Heat is
supplied to the oil through the cylindrical inside surface of
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the oil tank by surrounding it with an oil heater. To preclude
the possible occurrence of local "hot-spots" in the heater,
which could lead to premature coking of the oil on the tank
surfaces, liquid metal is used as a heat transfer medium. The
metal selected 5or this purpose is a lead-bismuth-tin eutectic
which has a melting point of 158 0 F. This is directly heated by
a 230V'12kw electric immersion heater. Corrosion problems
with this liquid are minimized by the use of carbon steel for
the outer container and heat sheath and by using hard chromium
plating on the surfaces of the oil tank which are exposed to
the liquid metal.

After performing its function in lubricating and cooling
the test and rig bearings, the oil is returned to the oil
tank by the drainage system. This system contains a scavenge
pump with gravity feed providing suction head.

All components of the overall lubrication system, including
the oil tank, the heat exchanger, and the condenser, are designed
for ready disassembly and cleaning. To this end the system
is provided with a number of extra flanged joints. Threaded
connections are avoided wherever possible.

7.1.6 Bearing Inner Ring Mounting Sleeves

The bearing inner ring mounting on the test rig shaft must
restrain the ring from rotation on the shaft and at the same .,
time not induce excessive mounting stresses or deflections
affecting the internal clearance in the bearing. The ring
materials selectee for the test and rig bearings, M-S0 and
52100 respectively, both have lower coefficients of thermal
expansion than the shaft material, Inconel X-750. If the
normal practice of fitting the bearing inner rings directly
onto the shaft with a slight interference fit were employed,
excessive tensile hoop stress would be generated at operating
temperature due to the unequal thermal expansions of the two
materials. This could lead to ring fracture or a significant
reduction in internal bearing clearance. M-1 steel sleeves
are therefore interposed between the shaft and inner rings
of the test and rig bearings. These are of the form shown
in Figure 7-3 and have a gap at roco temperature between the
shaft and the inside surface of the sleeve under the bearing.
Rotation of the sleeve on the shaft is prevented by an inter-
ference fit between the shaft and the thinned-down ends of the
sleeve. Radial location of the bearings at low temperatures

is achieved by the bending stiffness of the sleeves. As the tempera-
ture rises during the heat-up period and the shaft expands it
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progressively closes the gap under the sleeve until contact
occurs at a temperature of 5000F. It should be noted that the
under-race cooling and lubrication flow holes shown in the
sleeve in Figure 7-3 are present only in the sleeve used
with the split inner race test bearing. The rig angular
contact bearing on the other end of the shaft utilizes a similar
mounting sleeve without these holes.

7.1.7 Instrumentation Used in Full Scale Bearing Testing

The output of transducers located at various points in the
test rig are recorded on two recorders. One of these is a
continuous recording Honeywell two-pen strip chart recorder and
the other is a commutated multipoint recorder with a forty-eight
point capacity. The use of the two-pen strip chart recorder
permits bearing inner and outer ring temperatures to
'be continuously monitored during testing.
This allows evaluation of any excursion in these parameters
which might occur. Any of the parameters recorded discretely
on the multipoint recorder may also be plugged into the two-pen
recorder at any time for continous monitoring.

The multipoint recorder records the value of each parameter
every 70 seconds. The following are recorded, in duplicate in
most cases:

oil outlet temperature
oil tank heater temperature
test bearing chamber temperature
rig housing temperature, test bearing end
rig housing temperature, rig bearing end
drive system jackshaft pillow block temperature
rig bearing outer ring temperature
test bearing outer ring temperature
test bearing inner ring temperature

In addition the following data is :ollected manually:

rig running time
shaft speed
motor current
motor voltage

current to all rig heaters
test bearing oil flow rate
applied thrust load
oil pump outlet pressure
oil inlet temperature
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7.2 EXPERIMENTAL EVALUATION OF CAGE AND BALL ANGULAR VELOCITIES

In all eleven tests performed on this program both ball
and cage speeds of the test bearing were experimentally deter-
mined by the use of dual differential induction coils (search
coils) wound concentric with the bearing axis and placed on
the inboard side of the test bearing from the bearing face.
A cutaway view of the search coil is shown in Figure 7-4. As
described in [5} the dual differential coil design was conceived
as a means of deducing the ball rotational axis position as
well as the ball and cage rotational speeds. Use in this mode
however requires a series of calibration tests which could not
economically be fit into the test schedule without displacing
work judged to be more urgently needed. The search coil was
therefore used in the single element mode.

"One of the bearing balls was permanently magnetized as
a dipole to obtain approximately 28 Gauss maximum residual
flux density at the ball surface. As the magnetized ball
rotates about its own axis the magnetic flux is cut by the
coil producing a vw le voltage proportional to the flux
being cut.

The amplitude c he search coil voltage depends on the
angle between the magnetic axis of the magnetized ball and
the axis of ball rotation. The induced voltage is at its
maximum when the magnetic axis is perpendicular to the ball
rotational axis and at a minimum when the magnetic axis of the
ball is parallel to the rotational axis of the ball. Thus
a change in the sensed voltage at constant operating speed,
indicates a change in axial position of the ball spin axis.
Variations of the frequency of the induced voltage indicate
changes in ball rotational speed produced by sliding, changes
in contact or pitch angle, or a chantge in the shaft speed.

:1 The search coil axis was assembled at a slight angle
with respect to the bearing producing a uniformly varying
gap between the face of the bearing and the coil. This gap
which results in a change in the reluctance of the magnetic
path at different azimuth positions of the bearing produces
a modulation in the sensei voltage which is equal to the mean
ball orbiting velocity or cage angular velocity.

The induced voltage/time traces were recorded at specific
conditions during each test while visually observing the

signal presentation on an oscilloscope. The ball and cage
angular velocities were then established by analyzing the
tape recorded data.

128



-Noll -M a~; ti vt c

Co IH I der.

FourConcntri

Oppos ite' D~irect ions TIo D~LettcFaeORarn
Magqnet ic Flux From Steel Cage

Angular-Contact Ball

Outer Coils jo

FIGURE 7-4

SEARCH COIL DESIGN

129



It was found that the modulation of the signal was insuf-
ficient to determine the cage velocity by electronic counting.
Therefore, the signal was presented on a high speed writing
oscillograph while replaying at a reduced recorder speed. A
known frequency signal was also recorded on the visicorder
paper at the same time. By utilizing the ratio of recording
to playback speed and the ratio of the known signal frequency
to cage frequency as presented on the visicorder paper the
cage speed was determined. To minimize evaluation error the data
was analyzed over several cage cycles for each test condition.

The amplitude of the ball frequency signal was sufficient
in magnitude to permit evaluation by feeding a clipped signal
directly into a counter. During this analysis the tape was
played back at the recorded speed permitting direct frequency
evaluation. A ten second gate was used during this evaluation
with a fixed display time between counts. Four to six counts
were recorded for each test condition. If appreciable variation
was noted, the maximum, minimum and average frequencies were
recorded. To minimize possible evaluation error, the ball
frequencies were also periodically checked on the visicorder
traces.

7.3 DESIGN OF THE TESTS

The test bearing used in these tests was a 125 mm bore V
"" split inner ring angular contact aircraft quality bearing

(S K F No. 456939) having an inner land riding cage. The
test variables were axial load, inner ring rotational speed
and lubricant type. Two lubricants were used corresponding
to MIL-L-7808G and MIL-L-23699 specifications.

Table 7-1, shows the bearing test matrix. Thr•,, loads
1,000, 2,000 and 3,280 pounds are shown as the columns of
Table 1. The two lubricants represent the major row divisions.
For each load and lubricant, data was recorded at speeds in the
Srange from 4,000 to 25,000 rpm. The numbers shown in the body
of Table 7-1 indicate which of eleven test series were conducted
at the given conditions. A total of three ball bearings were
tested. One bearing was used in Test Series No. 1, another
in Series 2-10 and a third in Series 11. In Test No. S the
bearing was brought to a temperature of approximately 460°F
and allowed to soak at that temperature for a pe *.od of time
sufficient to cause a varnish to be deposited on the bearing
from lubricant degradation products. (This was confirmed in
post test inspection.) This bearing was then used in Test
Series 6 through 10. In Series 11 a fresh bearing was used
and run at speeds from 8,000 to 25,000 rpm at the highest load.
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The test number for those tests in which the bearing was in a
varnished condition is shown parenthesized in Table 7-1. The
letter C in Table 1 indicates that a computer solution has been
obtained for that set of conditions.

Table 7-2 shows the conditions of a special test series
conducted at 10,000 rpm in which the load was varied from 200
to 2,000 pounds in order to examine whether skidding occurred.j For the unvarnished bearing these tests were conducted as part
of Test Series No. 4. With the varnished bearing they were
conducted as Test Series No. 7.

7.4 TEST BEARING HEAT GENERATION RATES

Two methods were designed into the test rig to establish
the thermal energy expended in the test bearing namely 1) direct
measurement of the test bearing torque, and 2) measurement of
the recirculating ,-,l temperature entering and leaving the
test rig bearing and the oil flow rate supplied to the test
bearing. The accuracy of the bearing torque measuring device
depended upon the freedom of rotational motion of the load
plug. As described in Section 7.1.3 the load plug was supported
on two torque tube bearings to provide the desired rotational
freedom. It was noted during the test seriý:s that at speeds
above 8,000 rpm, the friction in the torque tube bearing became
excessively high, thus preveiting accurate test bearing drag
torque measurements. This condition was attributed to change
in the radial loading of the torque tube bearing resulting
from differential thermal expansion between the torque tube
shaft (load plug) and housing. Therefore the differential
temperature between oil in and oil out was utilized in all
bearing heat generation calculations.

Experimental bearing heat generation rates thus determined
were established from the recorded data for all tests except 1,
5 and 10 where insufficient information was recorded to perform
the necessary thermal calculation.

At speeds up to about 6,000 rpm it was found that due to
the loss of heat from the bearing and from the oil to the test
rig housing the temperature of the oil leaving the rig was
lower than that entering the rig. To compensate for this loss
the difference in the measured values, temperature in minus
temperature out)was added to the measured oil out temperatures
along with the temperature change corresponding to the thermal
energy value equivalent of the measured bearing torque at a
speed of 4,000 rpm. The measured torque was considered accurate
at a shaft speed of 4,000 rpm as only minimal thermally applied
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radial loading of the torque tube bearing should exist at that
speed. The total correction thus determined was 290 F.

It is reasonable to assume that a larger-magnitude of heat
would be transferred from the bearing and exhausting oil directly
into and through the rig housing at the higher shaft speeds.
However, no accurate method of establishing this value could
be effected.

rabie 7-3 presents the experimental bearing heat genera-
tion rates for all tests evaluated. Tests 2 and 3 were per-
formed with MIL-L-^3699 lubricant with applied thrust loads
of 3280 and 1000 lbs. respectively. These experimental values
indicate only minor changes in the bearing heat generation
rates with changes in applied loads. The remaining tests were
performed with WIIL-L-7808G lubricanc.

Tests 4 and 7 were performed at a constant speed of 10,000
rpm with variable applied thrust loads in order to evaluate
the ability of the computer program to predict skidding of the
rolling elements i.e. cage slip. It is noted that the values
are higher in Test 7 which was performed after oil was coked
and a layer of varnish applied to the test bearing during Test

Test 6 was performed with an applied thrust load of 1000
lbs, Test 8 with 2000 Ibs, and Test 9 with 3280 lbs. Test 6
data shows a higher bearing heat generation rate than obtained
with the greater applied loads in Tests 8 and 9. This condi-
tion could be the result of the varnish formed on the bearing
during Test 5. The operating period required to reracve the
varnish from the ball and race contact areas is not known.
The heat generation rates in Test 9 performed with the greater
load are slightly higher than those obtained in Test 8.

Test 11 was performed with & new bearing and shaft speeds
up to 25,000 rpm (3.1 x 106 DN) are investigated. The heat
generation rate values in this test agree quite well with those
in Test 9 where the same thrust load (3780 lbs) was applied.
Figure 7-5 is a graphical presentation of the measured test
bearing outer ring and oil in temperature and the corrected
oil out temperature.
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Table 7-3

Experimental Bearing Heat Generation Rates

Test Lubricant Applied Shaft Test Bearing Heat

No. (MIL-Spec) Thrust Load Speed Generation Rate

(lb) (krpm) (Btu/hr) - (Watts)

2 MIL-L-23699 3280 4 4600 1350

MIL-L-23699 3280 6 8800 2580

MIL-L-23699 3280 12,900 3780
MIL-L-23699 3280 10 16,000 4700

MIL-L-23699 3280 12.5 18,600 5440

MIL-L-23699 3280 is 27,500 8060

M!IL-L-23699 3280 17.5 33,800 9910

3 MIL-L-23699 1000 4 4100 1200

MIL-L-23699 1000 6 8300 2430

MIL-L-23699 1000 8 12,000 3520

MIL-L-23699 1000 10 16,200 4750
4 MIL-L-7808G 2000 10 15,500 4550

MIL-L-7808G 1500 10 16,100 4720

MIL-L-780b'Z 1000 10 15,500 4550

MIL-L-7808G 800 10 14,400 4220

MIL-L-7808G 600 10 13,900 4060

MIL-L-7808G 400 10 13,300 3900

MIL-L-7808G 200 10 11,650 3410

6 MIL-L-7808G 1000 4 10,600 3100

6 MIL-L-7808G 1000 6 13,000 3810I MIL-L-7808G 1000 8 15,800 4620

MIL-L-7808G 1000 10 18,000 5270

7 MIL-L-7808G 1500 10 22,100 6470
SMIL-L-7808G 1000 10 19,500 5710
MIL-L-7808G 800 10 19,500 5710

MIL--L-7808G 600 10 18,500 5420

MIL-L-7808G 400 10 17,000 4960

MIL-L-7808G 200 10 12,900 3780

8 MIL-L-7808G 2000 4 7,800 2280

MIL-L-7808G 2000 6 10,400 3040

MIL-L-7808G 2000 8 13,000 3810

MIL-L-7808G 2000 I0 15,500 4550

MIL-L-7808G 2000 12.5 19,000 5560

MIL-L 7808G 2000 15 22,000 6450
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Table 7-3 (Continued)

Experimental Bearing Heat Generation Rates

Test Lubricant Applied Shaft Test Bearing Heat
No. (MIL-Spec) Thrust Load Speed Generation Rate

(lb) (krpm) (Btuhr) - (Watts)

9 MIL-L-7808G 3280 4 7,200 2,110
MIL-L-7808G 3280 6 10,700 3,140
MIL-L-7808G 3280 8 14,000 4,100
MIL-L-7808G 3280 10 17,400 5,100
MIL-L-7S08G 3280 12.5 21,500 6,300
MIL-L-7808G 3280 15 25,900 5,790
MIL-L-7808G 3280 17.S 30,200 S,850

11 MIL-L-7808G 3280 8 14,000 3,805
MIL-L-7808G 3280 10 17,300 5,460
MIL-L-7808G 3280 12.5 21,900 7,960
MIL-L-7808G 3280 15 56,500 16,570
""IIL-L-7808G 3280 17.5 30,600 9,731
MIL-L-7808G 3280 20 35,000 11,450
"MIL-L-7808G 3280 22 38,300 10,800
MIL-L-7808G 3280 25 43,500 11,830
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7.5 COMPUTER PREDICTIONS FOR FULL SCALE TESTS

7.5.1 Input Parameter Values

i.i 7.5.1.1 Geometry Data - In preparing the input data for the
full scale test runs the following geometrical values were
used.

1 iRolling Element Diameter 20.6375 mm
Bearing Pitch Diameter 159.4885 mm

F No. of Rolling Elements 21.
Shim Width 0.178 mm
Free Contact Angle 260
Outer Race Radius/Ball Diameter 0.521
Inner Race Radius/Ball Diameter 0.516
Cage Rail Land Area 2615 mm2

Cage Rail Diameter 151 mm
Rail-Land Dia. Clea 0.53 mm
Cage Pocket Tangenti, learance 0.3937 mm
Shaft Interference 1i 0.0762 mm
Bearing Inner Ring Width 18. mm
Bearing Outer Ring Width 32.4 mm
Shaft Inner Diameter 112 mm
Bearing Bore Diameter 125 mm
Bearing Inner Ring Mean 0. D. 142.5 mm
Bearing Outer Ring Mean I. D. 176.6 mm
Bearing 0. D. 190 mm
Housing 0. D. 220 mm

The shaft and housing effective length and widths resreýtively
were taken as 35.0 mm.

Additionally the following surface roughness values were
measured on a representative bearing.

RMS Surface Roughness - Outer 6.0 x 10-5 mm
RIMS Surface Roughness - Inner 16.0 x 10- mm
RMS Surface Roughness-Rolling Element 4.0 x 10-S mm
RMS Asperity Slope Angle Outer 2,40
RMS Asperity Slope Angle Inner 2.00

RMS Asperity Slope Angle - Rolling 2.00

Element
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7.5.1.2 Temperature Data - In preparing the input data for
the computer runs the various system temperatures were cal-
culated in terms of the outer ring and inner ring bulk tempera- 1
tures tOR and tIR using the following empirically determined
rules:

Outer Ring Raceway/Ball Contact Temperature = tOR + 10°F

Bulk Oil Temp = tOR - 750 or
Oil Inlet Temp + S5 (whichever is larger)

Housing = tOR

Bearing Inner Ring/Ball Contact Temperature = tIR + 100 F

Rolling Element Temperature = tiR + 15°F

Shaft Temperature = tIR - 100F

The inner ring bulk temperature tIR was measured directly
and found to be reasonably well related to the outer ring
bulk temperature at various speeds as follows:

tIR = tOR + 6°F + 1.2 x RPM/1000

This relation was used in preparing the input temperature data.

7.5.1.3 Other Input Parameter Values - The coefficient of
coulomb friction was taken to be 0.1 based on thb experimental
work reported in {6}.

The percentage of lubricant in the air-oi] mixture (XCAV)
was taken as 2.5% based on a comparison of measured a.i- cal-
culated heat generation rates with various XCAV values using
data reported in {20%.

The lubricant replenishment amount AC was taken as 0.01 mm
at both rings for all conditions. A calculation of Ai using
the model described conceptually in Section 4.3.4 was performed
for the MIL-L-7808G test at 10,000 RPM and 1,000 lbs. load.

The equivalent value of AC was found to be 0.00016 mm and
the film thickness starvation reduction factor 0s was cal-
culated as 0.78. The choice c = 0.01 therefore represented
an essentially unstarved condition. As discussed subsequently
in this section, the film thickness results did not :ontradict
this choice.
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Further discussion of the influence of XCAV and Ar on
the predicted values of bearing performance criteria are
given in Section P.

7.5.2 Comparison of Predicted and Measured Values - MIL-L-7808G
Lubricant

Table 7-4 gives the program predicted values of heat genera-
tion rate, film thickness at the inner and outer ring contacts,
(hi and ho), cage speed wc and ball speed wb for the 7808G
tests of Series Nos. 1, 4, and 11.

Also shown in Table 7-4 are the measured values of the
no-contact time fraction, T/To, heat generation rate q, cage
speed, ball speed and outer ring bulk temperature TOR.

7.5.2.1 Heat Generation Rate Prediction - MIL-L-7808G Lubricant -

Figure 7-6 is a plot of the experimental heat generation
rate computed for Test Nos. 2, 9 and 11 as a function of bearing speed.
Except for a high heat generation rate at 15,000 rpm for Test No. 11
the trend of the data is for heat genera-ion to increase with speed
and then level off. The data points calc lated by Computer Program!:
AT74YO01 increase uniformly with speed. Ftr comparison, plots
are also shown of heat generation rate measured in tests conductL,-,,
at Pratt & Whitney Aircraft under NASA sponsorship {20). These
heat generation rates, obtained with two different values of
lubricant mass flow rate in an under-race lubrication supply

-* system, show heat generation rate increasing uniformly with
speed. The computer calculated heat generation rates are
quite consistent with the Pratt & Whitney data particularly
when it is observed that the mass flow rate used in the
present tests was 0.167 kg per second. The computer proeicted
heat generation rates appear to extrapolate well at iow speeds
to the experimental heat generation rate. One explanation
"for the goodness of the low speed fit might be that in the
lubricant supply system used in i-he present tests the amount
of oil effectively entering the bearing decreases with speed,
i.e., a greater proportion is deflected by windage at the
higher rotational speeds. Thus at low speeds the effective
value of the flow rate m may be close to the supply value 0.167 kg
per second, while at high speeds the effective flow rate may be
closer to the value in the Pratt & Whitney tests with i = 0.045 kg/sec.
There is also, as discussed previously, appreciable room for error
in the experimental heat generation rate inasmuch as the
corrections applied to the data to compensate for rig cooling
were as determined at low speeds, and different corrections may
well be applicable at high speeds.
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*• This theory is substantiated by data from a subsequent
test performed by S K F on the same rig with a similar test
bearing (125 mm bore, split inneT ring, angular contact bear-
ing with an outer-ring land riding cage). During the test,
which was-performed in a similar manner, to those with an
applied thrust load of 3280 lbs., special emphasis was placed on
obtaining good bearing torque data. This was accomplished by
determining and accounting for the hysteresis friction on drag
friction in the torque tube bearings supporting the load plug
at each operating speed. The bearing heat generation rates
calculated from the drag torque data is also plotted on Figure
7-6 and labelled synthetic paraffinic hydrocarbon. Although the
lubricant differed from those tested on this program, the
bearing heat generation rate is more nearly linear with speed
and consistent with both the Pratt & Whitney data and computer
calculated data.

Figure 7- 7 shows the experimental and calculated heat
generation rates as a fanction of load for the tests conducted
at 10,000 rpm. It is clear that the computer program correctly
follows the trend rf the experimental data but it seems to be
systematically too low by about a ½ kw corresponding to a
percentage error of roughly 12 to 15%. This discrepancy may
be due "hn part to an overestimationoff contact remperatures
according to the rules in Section 7.5.1.2 at the low bearing
loads used in this test series.

7.5.2.2 Ball and Cage Kinematic Predictions - MIL-L-7808G --

Lubricant - From Table 7-4 both the cage and ball
rotational speeds are seen to be well predicted by the computer
program. The same values were also calculated under the assump-
tion of outer race control typically invoked in the earliest -.

bearing dynamics prediction programs. The ball speeds pce-
dicted under this assumption are lower than those predicted
using program AT74YO01.

It is believed that the discrepancies between measured and
calculated ball speeds cannot wholly be explained by measure-
ment error.

An attempt was made to use the measured values of Wc4
and wB to deduce possible errors in the program's prediction
of the rolling velocity vector pitch and ydw angles.

In terms of tbe orthogonal components w x, and w
of the ball autorotational velocity vector wB, the pitchz

angle a is defined as
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az- tan- (Wy/Wx)

and the yaw angle 6 is

-tan-1 (wz/Wx)

Using the computer predicted contact angles it was
found in most cases that negative values of or very large
values of 6 (200-300) were required to bring the computer
predictions into coincidence with the measured values of
wc and w B .

Although it cannot be ruled out that such values actually
occurred due to unaccounted for constraints on the ball motion
such values of 6 and 6 are generally regarded as unlikely.

Figure 7-6 shows the comparison of predicted and observed
cage rotational velocity as a function of load for the skidding
test conducted at 10,000 rpm. It shows that the trend toward
lower cage speed at low loads, indicative of slipping has been
successfully followed by the program.

7.5.2.3 Film Thickness Predictions - MIL-L-7808G Lubricant - When
a voltage is applied across the rings of an operating bearing,
current will flow if there is a conducting path between the
rings. During a long period of operation To, the time T
during which such a conducting path presents itself will depend
upon how well the rings are insulated by the EHD film that
forms at the inner and outer ring contacts. Twill vary with
the insulating ability of the film over the range (0<T<To)
and the ratio T/To will vary .-ver the range (0<T/To<1.O).

In practice the ratio T/'o0 is reasonably well approximated
by the ratio V/V of the measured voltage drop V across the
bearing rings ana the applied voltage Vo. The value of V/T
reasured may be used as a qualitative indicator of the thicý-
ness of the EHD film.

By making certain assumptions it is also possible to
interpret T/To quantitatively to predict film thickness.

Two models are considered which tend to bracket the actual
situation. In the first model it is assumed that the cage is
non-conductive and that therefore a conducting path between
the inner and outer rings will exist if there is contact at
both rings at the same time for at least one ball.

In the second model the cage/ball contacts are assumed
perfectly conductive and a conducting path between the rings
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will arise if any ball makes contact at the outer and any
ball makes contact at the inner. Under the first model the
no-contact time fraction across the rings is related to the
no-contact time fraction at individual inner and outer ring
contacts as follows °n

C ~T i
(T/T0)rns=1 -1 - -i (T -[j 1 - (T/T0)0J1  (7-1)

where subscripts i and o denote individual inner and outer
ring contacts and n is the number of rolling elements. (A
thrust loaded bearing is assumed i.e. all contacts at a given
ring are of the same size.)

For the second model the relationship is,

1 1 - (T/r1 ) nJ.[ - (T/T ) nJ (7r2)
0 10

Following Johnson et al {21 }, the no-contact time fraction
at an individual contact may be expressed with good agproxima-
tions by the relation,

T _M
T-- e (7-3)
0)single contact

where i4

m = NA\ 1 1- IV/0)] (7-4)

and

N = no. of asperity peaks/unit area
A = contact area

h/i = ratio of HID film thickness to composite surface
roughness (RMS)

= the Gaussian cumulative distribution function

Following Nayak {13} the number of asperity peaks per unit
area is related to m? and N4 , the second and fourth moments of-
the surface roughness spectrum, as follows:

N 1(2.72 (7-5)
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Introducing the parameter a= I-- and using the fact

"'2

that the zero ordei spectral moment mo is the mean square
roughness a2 and the second order spectral moment m2 is the
mean square, a0 2 , of the slope 6 of the surface profile,
gives

N = 1.2 (1)2[ a (7-6)

Using the value -a = 2 as deduced for bearing surfaces in {10,
and values of 0 = 6.5 Vin, 0 = 3.C Pin, (00)- = 0 035
rad., (ce)o = 0.042 rad, gives the values Ni = 1.87 x 106/in 2

and No = 17.1 x 106/in 2 using Eq. (7-6).

Using the contact area values of Ai and Ao output by
computer program AT74YO01 it was possible to evaluate
(T/To)- n. as a function of h using Eqs. (7-1) and (7-3)
for bot Ae non-conducting and conducting cage models.
It was found that because the inner ring roughness exceeded
the outer ring roughness by more than a factor of two, the
conducting cage and non-conducting cage models gave indistin-
guishable results. The reason is the following. If h is small
enough for (T/To) 0 to be less than 1.0, then (T/To)i- 0. Thus
Eq. (7-1) reýduce to

(T/T )rings 1 1 - [1- (T/T0)01 = (T/To)n (7-7)

and Eq. (7-2) liewise becomes,

(T/T) . -- 1 = I - ( ) TL (7-8)o rings -(--8)

F:igure (7-9) is a plot of T/To vs. h constructed for the
case where the thrust load was 1000 lbs and the inner ring
speed was 49000 rpim. (Note the -,uppressed areas on the abscissa.)

In rFinciple onc car locate a measured value of T,"/
cn the ordinate of Figure 7-9 ý,nd read the associated fiym
thickness ol the cissa. The film thickness thus determined
is an "effective" film thickness in the sense that it is the
;alue of a c:rmmon inner and outer ring film thickness that
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gives the same measured T/To value as the somewhat unequal
film thicknesses which actually prevail at the inner and
outer ring contacts.

It is seen from Fig. 7.-7 that the resolving power
of T/To is not great i.e. effective film thickness values
lower than 13.0 pin, result in T/To ÷0 and above 17.0 pin. in
T/To- 1.0.

The location of the curve of Fig. 7-7 did not differ
substantially at the other test loads and speeds.

Referring to Table (7-4) we see that for Test No. 1 the
measured T/To values are quite compatible with the predicted
film thickness values. Moderate to high values of T/TO are
associated with predicted outer ring film thicknesses in the
range of 14-18 min. Low values are associated with film
thickness predictions in the range 5-6 Pin.

Figure 7-10 shows a plot of the mea3ured values of T/T. and
predicted outer ring film thickness for the 7808G test series.

For Test Series No. 1 the curve has a shape and location
quite comparable to the theoretical curve of Fig. 7- 9. The
finite values of '/TI. measured at the predicted film thickness
of 5-6 *Pin could rea!:onably have been due to noise or random
contact due to wear debris.

The data from Test No. 4 yielded uniformly high values oi
T/T with corresponding predicted film thicknesses in the range
of 10-22 Pin.

"According to Fig. 7-10 low values of T/T should result
for film thicknesses at the low end of this range. It is
quite conceivable however that the roughnesses of the bearing
in Test No. 4 were less than those in Test No. 1 (or became
so in running), so that the film thickness values of 10 uin.
"could have resulted ia high T/TO values.

A post test roughness determination for the bearing used in
Tests 2-10 confirmed a lower value of the inner ring roughness
(3.S ýin.) than the value (6.3 ;.in.) measured on a representative
bearing prior to test.

The data from Test No. 11 show no discernible pattern.
However, post test inspection of the bearing used in Test
No. 11 indicated that the balls had acquired a coating of
lubricant degradation products (varnish) which is known as an
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insulator, giving uniformly high T/To.

Table 7-S shows comparative T/To values from tests in which
the bearing was unvarnished and varnished. The tendency for
the measured no contact time fraction to be high in the tests
with the varnish is quite clear. The data for Test No. 11
when contrasted with the data from Test No. 1 supports the

hypothesis that varnish deposits acted to give thick film
indications for Test No. 11.

7.5.3 Comparison of Predicted and Measured Values - MIL-L-23699
•,I Lubricant

Table 7-6 shows for the MIL-L-23699 tests the computer
Hi predicted values of hea: generation rate, film thickness and

cage and ball rotational velocities. The corresponding measured
values of the no-contact time fraction, heat generation
rates, cage and ball velocities and outer ring bulk temperature
are also shown. The measured heat generation rates for the
tests at 2,000 lbs load were unavailable. As with the 7808
oil results it is seen that the calculated heat increases
more rapidly with speed than the measured values.

At 10,000 rpm the calculated heat generation rate for the
tests of 3280 lbs load is smaller than measured by 17% and
at 17,500 rpm it i; larg,.r than the measured value by 36%..

At the highest load (3280 lbs) the measured and predicted
£ cage speeds aie in substantial agreement while at the two lowest

"loads the cage speeds are underrredicted by as much as 40%.
- The ball speed predictions behave similarly. The program is

thus predicting skidding conditions at low load- which the
experiments do not substantiate.

- Figure 7-llis a plot of the measured no-contact time
fraction values T/To against calculated outer ring film thick-
ness. The various points are identified by the value of thp
bearing axial loads used in the test.

t "Also shown is the theoretical curve of Fig. 7-9 redrawn
to t:,e scale of Fig. 7-11. The points for the 1000 lb load
test fall to the right of the theoretical curve. Accepting

' the theoretical curve as correct this would indicate a systematic
overestimate of film thickness by the computer program of 1.5
to 2 i•in. For the x.280 lb tests the points lie to the left

of the theoretical curvc. This is consistent with an over-
estimate of film thickness only if the beaiing roughness
process has ctianged i.e. become smoother. Inasmuch as the tests.
were run sequentially in increasing order of load this explanation
is plausible.
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The data thus viewed offers no serious inconsistency with
the hypothesis that the program is very nearly correctly pre-

Sdicting film thickness.

7.5.4 Summary of Program Accuracy Assessment

1. The computer program has been found for both oils tested
to give good predictions of heat generation rate measured in
S K F tests in the vicinity of 10000 rpm but to overestimate

. the heat generation rate by progressively greater amounts at
higher speeds. The program is capable of at least partially
compensating for this discrepancy by using more realistic input
estimates of EIID f4Ilm replenishment (A). The program has been
found however to give good predictions when compared to test
results obtained using a different method of lubricant supply.
Inasmuch as the heat generation models do not account for the
method of lubricant supply it is recommended that future efforts
be directed at developing models to account for the distribution
of and energy transfer to lubricant as a function of supply
method.

The program has been found tc correctly predict the trend
of heat generation rate with applied axial load.

2. Cage and ball speed predictions for MIL-L-7808G are
quite accurate, correctly predicting cage slip when it has been
found experimentally to occur and predicting near epicyclic
conditions when no cage slip was observed. For MIL-L-23699
lubricant cage slip was predicted under 1000 lbs and 2000 lbs
load but was not observed to occur.

Ste3. Considering the effects of run-in on surface finish,
the approximation in the theoretical relationships beLbeen
no-contact time fraction and film thickness and the insulating
effect of varnish films, the computer predictions of E11D film
thickness have been found compatible with experimental findings,
i.e. there is no reason to reject the film thickness predictions
as erroneous on the strength of the experimentally observed
values of no-contact time fractions. This is not to say tha-
the film thickness predictions are perfectly correct. They
could well be off by as muci, as 10-20% and still be compatible
uith the experiments.
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SECTION 8

PARAMETRIC STUDIES AND DISCUSSION
OF PROGRAM BEHAVIOR

"8.1 INTRODUCTION

"The previous section demonstrated the correlation between
experimental results and the predictions made by the computer
program. The information on computer program results discussed
in that section was limited to the parameters measured in the
test program. In this section additional aspects of the
computed data are examined to demonstrate the capabilities
of the program and,more importantly,to provide additional
insight into the various models which comprise the program.An expanded list of the pr,-.ram output relevant to the full

scale test runs is given aL Table 8-1.

Two additional sets of computer output data will be
presented and reviewed. One set, given in Table 8-2, comprises
the results of a brief parametric study performed with the
test bearing at a fixed load and -peed condition. This study
is intended to help the user identify reasonable values for
two of the less familiar program input variables namely, XCAV,
the percentage of bearing cavity occupied by the lubricant,
and jr, , the thickness of the layer of lubricant which
replenishes the ball and raceway surfaces between each contact
pass. Although the Ar values may be input independently
for both the inner and outer raceways,common values were selected
at both races for this study. The bearing initial, unmounted,
contact angle was also varied in a systematic fashion as a
simple demonstration of how the user might employ the program
to help design a bearing for a given application.

The third data set, given in Table 8-3, was generated as
part of another study in which the heat generation rates and
the distribution of frictional heat was being examined for
45 mm bore si:e angular contact bearings operating within the
load-speed spectrum of most industrial applications.

The three sets of data, Tables 8-1, 8-2, and 8-3, .aill
first be examined on a set by set basis. Then some general
observations will be made based on an overview of all the data.

The following variables are listed for each data set.
Souter - heat generation rate at the outer ring (watts)

q inner - heat generation rate at the inner ring (watts)

q cage-ball - heat generated at the cage-ball contact (watts)
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qcage-land - heat generated at the cage-land contact (watts)
q drag -heat generated by fluid resistance (drag) (watts)
q tot -total heat generation rate (watts)
q drag/1qTOT- fraction of total heat generated due to

flid resistance
ho, hi - EHD film thicknesses at the outer and inner

ring contacts (i in.)
ho/a, hi/a- EHD film thickness to composite surface

roughness ratio

W x,W y.W - orthogonal components of ball autorotational
velocity vector (rad/sec)

S- resultant of ball autorotational velocity vector (rad/sec)
0• - cage rotational velocity (rad/sec)

o - inner and outer ring contact angles
pitch angle tan-1 (wy/wx) (deg)
yaw angle tan- 1 (z/wx) (deg)
SASP/QTOT)i, (qAsp/qTOT) - fraction of contact load J

carried by asperities o? the inrer and outer rings
respectively

(QIOT)i, (QTOT)o - contact load at inner and outer ring
contacts (Newtons)

i, uo - average fluid friction coefficient at the inner
and outer contacts

(ueff)i, (ijeff)o - effective friction coefficient at the
inner and outer contacts

iMAXEQ! - the largest residual of the equilibrium equations

The v eff values are not computer output but have been
calculated based on computer output data, with the following
equation

ef-QASP QASP• " Peff =(1)+ P a
QTOT QTOT (8-1)

where: t represents the average coefficient of fluid friction
computed at each slice in a given contact

Q is the ratio of the load carried by the asperities, QASP" F'r u1 to the total contact load qX TxA

a' is the coefficient oulomb friction assumeL valid
for asperity conta. A value of 0.1 was assumed

for Ii for data sets I and II, and 0.05 for data
set oct.

The value of Ueff given by Eq. 8.1 is an effective
friction coefficient only inasmuch as it is the average
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magnitude of the friction coefficient acting at each of the
slices into which the contact ellipse is divided in computing
the total traction. It does not give the total traction
force acting at a contact when--multiplied by the normal force
because it does not account for the direction of slip across
the contact ellipse. Its primary use is as a gauge of the
degree to which asperity contact participates in the deter-
mination of traction.

The value labeled IMAXEQI, is related to program per-
formance, not bearing performance. When a value of IMAXEQI
is listed this indicates that the program has not converged to
a solution as accurate as requested. The JMAXEQI value shown
is the largest of the seven residues fron. the six ball and one
cage equilibrium eouations. Recall that ball equilibrium is
satisfied considering six degrees of freedom and cage equilibrium
is satisfied in the circumferential direction. For instance,
a IMAXEQI value of 0.2 indicates that the largest unbalanced
force or moment associated with the system is 0.2 pounds or
inchpounds respectively. Experience has shown that MAXEQ
values less than 0.1 usually indicate the solution is good and
certainly useable for the size bearings examined in this
study. With IMAXEQ Ivalues greater than 0.1 the data may or may
not be useable. Its useability can best be judged through
examination of data from neighboring points which have solved .1
completely, .

8.2 DATA SET I - COMPUTER PREDICTIONS FOR FULL SCALE TEST
CONDITIONS II
The more important portions of the data of Table 8-1 will

be examined and where applicable, experimental or analytical
findings of other workers in the field will be related to it.

8.2.1 Film Thickness

The first three blocks of daza, representing experimental
tests 1, (run nos. 1-8) 11, (run nos. 9-13) and 4, (run nos.
14-20) reflect the use of a MIL-L-7808G lubricant. The test 2
data block (run nos. 21-31) reflects a MIL-L-23699 lubricant.
Observe that film thickness tends to decrease with increasing
shaft speed. This is not always the case, but certainly is the
trend and is of course contrary to isothermal film thickness
equation. That equation would have the film thickness increasing
in proportion to the 0.7 power of shaft speed. With other
things remaining constant, film thickness should increase
with shaft speed. Obviously, other things are not remaining
constant. Both the lubricant viscosity and the pressure
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viscosity coefficient decrease as the operating temperature
rises with increasing speed. The changes in temperature can
be seen in Tables 7.6 and 7.8. Examination of the operating
viscosity, film thermal reduction factor T and the starva-
tion reduction factor OS (not shown in Table 8.1) indicates
that the loss of viscosity with increasing temperature rather
than starvation or inlet heating is primarily responsible for
the decrease in film thickness. The film replenishment layer
Aý assumed for these runs was sufficiently thick that the
starvation reduction factor never took on a value less than
unity, i.e. starvation was never predicted.

In passing, note that in the computer runs made to compare
against NASA test data, (see {20}), the same shaft speed
temperature effect on film thickness, was observed.

While no general conclusions can be drawn from only two sets
of data, it is instructive to note that it is not axiomatic thatI thick EHD films will result at high operating speeds and that
they will become yet thicker with increasing speed.

8.2.2 Asperity Friction

Tn Section 7 the raceway surface roughness and asperity
slopes used as input to the computer program were actual
measured values on a representative bearing. The slopes were
2.4 degrees and 2.0 degrees for the outer and inner races
respectively. The roughnesses were 0.060 and 0.160 micrometers
for the outer and inner races. The ball surface characteristics
used were, RIIS slope, 20, and a surface roughness of 0.040
microns. These roughness values are well within the tolerance
range fcr M-SO aircraft quality bearings.

The calculated values of the ratio of the inner race
film thickness to surface roughness h/a, were always close
to unity during operation with the 14590 Newton (3280 pound)
axial load. Under these conditicns the partial EHD theory
embodied in the program predicted that roughly one third of the
ball-race contact load would be carried by the asperities
rather than the EHD film. A friction coefficient of 0.1 has
been assumed for the purpose of calculating the friction
force which results from the asperity portion of tha normal
load. In those contacts where the h/a value is less than
one, the effective friction coefficient is from five to ten
times the value which can be derived from lubricant shear.
The higher friction coefficient affects both the generation
of frictional heat and ball kinematics.
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First, regarding the frictional heat generation rate,

examine the heat prediction for three different series of
tests within which the bearing was subject to the same load
and speed conditions. In Table 8-1, note the last four data
points under test number 1, (run nos. 5-8) the first three
points under test number 11 (run nos. 9-11) and the last four
points under test number 2, (run nos. 28-31). In all cases
the load was (3280 pounds) 14590 Newtons, and the shaft speeds
ranged from 10,000 to 17,500 RPM. However, the lubricant was
MIL-L-23699 in test no. 2 and MIL-L-7808G in the other five tests.

spedFor all cases the total heat generation at a particular
*speed is fairly constant. However, the heat at the inner ring

contact shows substantial variation from test o test.
The variation can be attributed primarily to the degree of
asperity contact. The more viscous and cooler MIL-L-23699
lubricated bearing, runs with greater drag and hydrodynamic
losses. However, the losses at the inner ring concentrated
contact are several times less than those in the correspond-
ing bearing lubricated with the MIL-L-7808 lubricant.

The effect of the greater asperity contact for the MIL-L-
7808G runs is a higher effective friction coefficient and
consequently a higher ball speed vector pitch angle.

The pitch angles for runs 28-31 are seen to be quite j
small.

Figures 8-1, 8-2 and 8-3 are presented to demonstrate "]
the distribution of the generated heat predicted by the various
models in the program. The contribution made by the asperity
interaction at the inner raceway is very apparent and signi- -
ficant.

For Test Nos. 1 and 11, the heat generated at the inner
ring varies from 31 to 42% of the total generated heat. In
Test No. 2 it varies from 17 to 23',.

8.2.3 Cage Slip, Test No. 4

Figure 8-4 is a plot of the distribution of bearing heat
which was predicted by the program for the experimental test
where shaft speed was maintained at 10,000 RPM while applied
load was systematically reduced in an attempt to induce cage
slip. As noted in Section 7, the degree of correlation between
the experimental and computed data is exceptionally good both
for total generated heat and cage to shaft speed ratio. The
total frictional heat decreases with decreasing load, and
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continues to decrease, but more drastically once substantial
cage slip occurs. With increasing slip the inner ring
frictional heat generation rate increases while the outer ring
frictional heat generation rate remains relatively constant.

Figure 8-4 allows one to speculate upon the series of events
which has been commonly referred to as a heat imbalance failure.
For instance, the sudden increase in the rate at which heat
is generated at the races under the conditions where the cage speed
has dropped might lead to a large thermal gradient across the
bearing and a loss of clearance and thus a reduction in contact
angles. This might then progress to a thermal lockup situation
where the contact angles approach zero and substantial contact
loads develop. Provision of an adequate supply of inner race
coolant, could circumvent thermal lockup. If this were done,
the associated cage slip would be detrimental only if high
loads are suddenly applied which cause the rolling elements
and cage to accelerate rapidly. The thick films which were
stable under the light load conditions might then collapse andH significant amounts of microsmearing could take place. This
is known as skid marking. If it becomes too severe, the surfaceI

~ of the ball and track is destroyed and the bearing fails from
spalling.

It should be pointed out that the computer program has the
capability to examine the transient thermal behavior of the
bearing system while operating under either of the transient
modes suggested above.

8.2.4 Raceway Control

Another observation that can be made from the data of
Table 8-1 is that the ball pitch angle predictions arc sub-
stantially less (i.e. the ball axis tends to be more nearly

-V parallel to the bearing axis) than predicted by the outer
•I race control theory.

For instance, under the highest shaft speed condition,
25,000 RPM, with outer race control (0. R. C.) the calculated
pitch angle is 11.1 degrees, versus 1.5 degrees predicted by the
program. Additionally, the yaw angle approaches but is not
zero. The zero yaw condition is required by the 0. R. C.
analysis. In our analysis the small yaw anglc is a consequence
of the small gyro moment which is a function of the sine of the
pitch angle.
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8.3 DATA SET II -PARAMETRIC STUDIES OF FLUID RESISTANCE,
FILM REPLENISHMENT AND CONTACT ANGLE i

As noted earlitr, parametric studies were performed to
examine the sensitivity of the analysis to two program input
variables which relate to the amount of lubricant within the
bearing. The two variables are 1) XCAV, the percent of the
bearing cavity filled with the fluid lubricant and 2) AC the
thickness of the layer of lubricant which replenishes the
ball and race surfaces betweer each pass of the contact. "

8.3.1 Lubricant Medium Density Study •

From experimental evidence, the density of the air lubricant
mixture in the bearing, as measured.by the variable XCAVuappearsb to•-
to be associated not only with the lubricant flow ratebu
also the method of lubrication. For instance as noted in
Section 7 there appears to be more churning type friction
with through race lubrication than with jet lubrication I
gTiven the same flow rates. It is speculated that not
all of the jetted lubricant enters the bearing cavity.

There also appears to be an inverse relationship between the .-

experimental value for XCAV and shaft speed when jet lubrication
is being used. It is again speculated that the greater windage
encountered with increasing speed tends to keep increasing
amounts of the jetted lubricant away from the bearing.
Note that the discussion in Section 7 concludes that there
is a need to reduce the XCAV value as shaft speed increases. •

The runs 1-3 in Table 8-2 show the effects of P reduction
of the XCAV factor from 2.510 to 0.10%. (The data for the XCAV -
value of 0.01% (Run 4) is tabulated but this last run exbibited
convergence problems and the data is suspect.)

The data behaves very predictably. The value qDRAG decreases
approximately in the same proportion as the value of XCAV and
this i3 the major change in the predicted operating parameters.
The subtle changes in the ball and cage speeds as well as the
effective friction coefficients can go almost unnoticed since
they are so slight. However these small changes in ball aid
cage speed alter the distribution of sliding velocity across the
contact ellipse sufficiently to change the tractive force,
permitting it to resist the drag force for each value of XCAV.
This occurs as the data show with negligible changes in the 4
heat generation rates QOUTER and QINNER or in the degree of
asperity participation as reflected in Peff.
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8.3.2 At Variation

Next consider the consequences of changes in Ar at
both the inner and outer race contacts. These data can be observedjI as runs 1, 9, 10, and 11 of Table 8-2.

Figure 8-5 shows a plot of the frictional heat generated
at the ball race contacts as a function of A . The inner
and outer race heat generation rates include heat due to EHD
friction, the asperity friction as well as the hydrodynamic
losses around the contact. The hydrodynamic friction is
being substantially reduced at both contacts with decreasing
AC . The decrease is more apparent at the outer race for
two reasons. The first is that the lubricant temperature is
lower at the outer than at the inner and the viscosity is
thus greater, producing greater hydrodynamic losses. The
second reason is that at the in,,er race t1, EHD film is rather
thin compared to the surface roughness and substantial asperity
interaction is occurring. Starvation becomes apparent at the
reduction of Acfrom 0.0005 to 0.0f0l mm. The 140 watt reduction
in outer race heat generation rate from 215 to 75 watts is
not observed at the inner race since the decrease in hydrodynamic
friction is to a large part offset by an increase in asperity
friction. The net decrease in inner race frictional heat is
only 52 watts.

Figures 8-6 and 8-7 show plots of the outer race and inner
race EHD film starvation factor and frictional heat generatien
rate as a function of A . It is interesting to note that
the films are not starved until the film replenishment layer
is o.ily 1/100 of the value used to generate all of the experi-
mental data comparisons. The computed data indicates that a
reduction in the amount of lubricant available to the EHD
contacts can result in significant decreases in iriction withet
resulting in starved films.

* *Experience shows that only a small amount of oil is necdedto lubricate a conventional ball bearing. In a high speed and

high viscosity situation, oil may have difficulty entering into
the rolling track and the inlet of the contact, thus making EHDJ [;film starvation possible. An increase of oil suDDlv Lrto the inlet
increases the meniscus distance which can effectively prevent

q the contact from starvation, but it also causes a persistent
increase in Tolling friction (FR, Fn) (even if the meniscus
distance grows considerable upstraam of the contact, wherein
the contact is almost unstarved). The degree of variation of
starvation in high speed ball bearing contacts with the method
of oil supply and the centrifugal force field acting oc the
lubricant requires further investigation.

Optimally it would be desirable to operate a bearing with
as low a value of Ac as possible to avoid starvation while
minimizing heat generation rates.

8.3.3 Contact Angle Variations

Runs 5-8 of Table 8-2 present the computed data obtained
as the bearing initial, free, unmounted, contact angle was
varied from 17 through 35 degrees. This data is interesting
for two reasons. The first is that contact angle is one of the
major bearing design variables over which the design engineer
has control. The second interesting aspect of this data is
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that as a consequence of the relatively light applied load,
we observe the tendency for cage slip to occur as the contact

angle increases above 300. The predictions of generated heat
as shown in Fig. 8-8 are consistent with the set of cage
slip data discussed earlier in Section 8.2.3. When slip
occurs, the ball drag and the total heat decrease but inner
race heat increases substantially.

The raceway and bearing fatigue lives as plotted against
free unmounted contact angle in Fig. 8-9 show expected
trends. As contact angle increases the ball-raceway contact
loads decrease and thus fatigue life increases. Since the
fatigue life is specified in hours and since the number of
stress cycles per unit time decreases as cage slip is
encountered, predicted fatigue life shows a dramatic increase.
An additional factor contributing to the increased fatigue
life resulting from cage slip is the reduction in ball centri-
fugal force and thus the reduction in outer raceway contact
load.

It can also be seen from the values of MAXEQ in Table 8-2
that when slip occurs, the accuracy of the solution is often
not as good as desired. This lack-of stability of the program
in the high slip regime seems to reflect a lack of kinematic
stability in the bearing performance.

S8.4 DATA SET III - PARAMETRIC STUDIES OF THE RACEWAY CONTROL
ASSUMPTION

Table 8-3, presents a set of data generated for a 45 mm
bore angular contact ball bearing to determine the consequences
of using outer race control theory rather than quasidynamic

i-i equilibrium to predict bearing behavior under low speed
"and high load operating conditions. This data, although
not relevant to high speed turbine bearings, does provide additional
insight into the nature of the friction models contained in the
computer program.

The first column of Table 8-3 refers to the solution type.
"F1'LL' t denotes that a full quasidynamic solution was obtained.
"PARTIAL" indicates that the outer race control assumption
was employed for determining ball kinematics. Friction forces
were then evaluated using the velocities implicit in the
outer race control assumption.

All of the computer runs were made assuming a constant
bearing operating temperature of 150OF for all locations
within the bearing. This is distinct from the data tabled in
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8-1 and 8-2 in which the bearing operating temperatures increased
with speed. A second significant distinction with this set of j
data is that an asperity friction coefficient of 0.05 was
used rather than 0.10. Because film thickness increased with
increasing speed in this set of runs, the asperity friction
tended to become less influential with increasing speed.

Interesting inferences can be drawn regarding raceway
control theory. Figures 8-10 and 8-il show the ball speed
vector pitch angle as a function of speed as calculated with
inner race control, 0[. R. Cj, outer race control, (. R. C.),
and as predicted by the computer program for the 3310 N (700 ib) L_
and 12010 N (2200 lb) applied axial loads. Obviously, the
raceway control solutions do not even serve as bounds for the
program solution over the full range of loads and speeds.
Figure 8.11 does indicate that a state of ball kinematics
lying in the range between I. R. C. and 0. R. C. is maintained
over a large part of the high load, low speed range. However,
at the light load the ball kinematics fall inside this range.

Although raceway control does not any longer appear to be
a universally valid concept, many ball bearing analyses are
based upon it so it seems worthwhile to look for systematic
errors which the race control theory might produce. Our data
limits our examination to 0. R. C. only. Examining the heat
generation rates for the highest shaft speed, 13,800 RPM, and
the two higher loads, 1,700 and 2,700 pounds, it is seen that
the heat generated at both raceways is greater for the full
solution data. In the light load case, since substantial
cage slip is predicted outer race control certainly cannot
match this prediction. Since the cage speeds and thus the
drag heat is very similar for the respective full and partial
solutions the overall heat generation calculated by the two
solution routines may be reasonably well predicted, particularly
when responsible for a large share of the total. Thus the
outer race control solution may produce reasonable results
for high speed operation with a plentiful supply of lubricant.

At first sight, a puzzling set of circumstances arises
as one considers only the full and partial solution data in the
table. The partial solution heat generation rates suggest,
that at the set of ball and cage speeds predicted by outer
race control, the bearing operates at lower losses than the

K Ifull solution predicts. This of course is physically impossible.
The reason for the anomalous result is that outer race control* Idoes not require the ball to be in the state of equilibrium,
i.e., the gyroscopic moment which acts on the ball is assumed
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to be reacted by the friction force at the controlling ball
race contact. However, the ball rotation is not allowed to
change in reaction to the gyro moment, and there is no requirement
that ball equilibrium be satisfied.

8.5 OVERVIEW OF THE DATA

The following principal observations emerge from the above
discussion.

1) The partial EHD model which accounts separately for
lubricant shear and asperity friction appears to be a
necessity for the evaluation of bearings under general
operating conditions. The asperity model is of
major importance when the film thickness/surface rough-
ness ratio is in the neighborhood of two or less.
At a film parameter value, h/i , of two, the effective
friction coefficient in the raceway contacts may be
more than twice the value which could be calculated
considering lubricant shear alone, assuming an asperity
friction coefficient of 0.1. As h/a approaches 0.5
the effective friction coefficient may be as high as
ten times the corresponding coefficient derived from
the lubricant shear alone.

2) The tendency for the lubricant film thickness to increase
with increasing speed can be more than offset by the
tendency toward higher operating temperature and
lower viscosity at the higher speed. This occurred
consistently throughout the experiments run in
this project as well as in similar NASA sponsored
experiments conducted at Pratt & Whitney Aircraft {201.
The tendency for film thickness to decrease with
increasing shaft speed exists even if there are no
starvation effects.

3) The lubricant starvation 3ffect tends to reduce the
contact hydrodynamic friction before the EHD film
thickness begins to be reduced. There is, then, a
maximum oil supply which minimizes friction.

4) The model used to describe churning losses must be
adjusted by the user to reflect decreasing proportions
of lubricant within the bearing cavity as shaft speed
increases. Put another way, the present churning loss
model if used with constant XCAV yields heat generation
rates that are too highly speed dependent when compared
to experimental data.
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S) The raceway control theory is not generally valid for the
speed and load ranges considered. However, under condi-
tions of moderate to heavy loading at low speeds, a
state of ball kinematical behavior between outer and
inner race control is achieved.
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APPENDIX ALi}
HEAT TRANSFER INFORMATION

A.1 BACKGROUND

The temperature portion of Program AT74YO01 is designed
to produce temperature maps for an a.isymmetric mechanical system
of any geometrical shape. The mechanical system is first approxi-
mated by an equivalent system comprising a number of elements of
simple geometries. Each element is then represented by a node
point having either a known or an unknown temperature. The environ-
ment surrounding the system is also represented by one or more
nodes. With the node points properly selected, the heat balance
equations can be set up accordingly for the nodes of unknown
temperature. These equations become non-linear when there is
convection and/or radiation between two or more of the node points
considered. The problem is therefore reduced to solving a set
of linear and/or non-linear equations for the same number of
unknown nodal temperatures. It is obvious that the success of
the approach depends largely on the physical subdivision of
the system. If the subdivision is too fine, there will be a large
number of equations to be solved; on the other hand, if the
subdivision is too crude, the results may nct be reliable. (In
a system consisting of rolling bearings, for the sake of simplicity,
the elements considered are usually axially symmetrical, e.g.,
each of the bearing ringis can be taken as an element of uniform
temperature. For an element which is not axially symmetrical,
its temperature is also assumed to be uniform and its presence
is assumed not to distort the uniformity in temperature of a
neighboring element which is axially symmetrical. That is, the j
non-symmetrical element is represented by an equivalent axially
symmetrical element with approximately the same surface area
and material volume. This kind of approximation may seem to be
somewhat unrealistic, but with properly devised equivalent systems,
it can be used to solve complicated problems with results satis-
fying some of the important engineering requirements.)

The computer program can solve the heat-balance equations
for either the steady state or the transient state conditions
and produce temperature maps for the mechanical system when the
input data are properly prepared.

A.2 BASIC EQUATIONS

A.Z.1 Heat Conduction

The rate of heat flow that is conducted from node i to
node j may be expressed by,
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qci~ -±L+j (ti -t)

q .~13 (

t and tj are the temperatures at i and j, respectively, Ai,i
the area normal to the heat flow, (m2 ) Lij the distance
(m) and Xj the thermal conductivity between i and j, (W/m0 C).

Assuming that the structure between point i and j is
composed of different materials, an equivalent heat conductivity
may be calculated as follows:

'X A?
{ | Fig. A-1

1 1 2 2

1A Ai

A.. =AI÷A

i' 'j

.3 A- 1 + 2
II

1 ij k I + £2/

• i i.. = - -+_

The calculation of the areas will be discussed in Section A.2.S.

A.2.2 CONVECTION

The rate of heat flow that is transferred between a solid
structure and air by free convection may be expressed by
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1.25(t t.
q ~ , A.It- SIGN (tvi'j =ij Aij 3 ti tj

where

sign (t.- ti) 1 -if ti tj 0

1, if tj ti < 0

in which

2.5 10-2 W/m2- (degC) 1. 2 5 for hot surfaces facing upward
and cold surfaces facing downward

ai .4 0-2 1 W/m - (degC) 1 2 5 for hot surfaces facing downward

and cold surfaces facing upward

1.8 • l0-2 W/m2_ (degC)1. 2 5 for vertical surfaces

For other special conditions, aij must be estimated by referring
to heat transfer texts.

The rate of heat flow that is transferred between a solid
structure and a fluid by forced convection may be expressed by

in which aij is the heat transfer coefficient.

Now, with a= C(ij, introduce the Nusselt number

Nu

the Reynolds number

ULR-
e

and the Prandtl number

pv CPr P

where

L is a characteristic length which is equal to the diameter
in the case of a cylindrical surface and is equal to the
plate length in case of a flat surface (m)
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U is a characteristic velocity which is equal to the difference
between the fluid velocity at some distance from the surface
and the surface velocity (m/sec)

X is the fluid thermal conductivity(W/M°C)

V is the fluid kinematic viscosity(M2 /sec)

P is the fluid density(kg/m 3)

C p is the fluid specific heat(W/kg°C)

For given values of R and Pr the Nusselt number N. and
thus the heat transfer coe ficient may be estimated from one
of the following expressions:

Laminar flow along a flat plate: Re < 2300

Nu 0.323 /Re 'Pr

Laminar flow of a liquid in a pipe:
Nu = 1.36 Pr( D

e r
where D is the pipe diameter and L the pipe length

Turbulent flow of a liquid in a pipe:
0

Nu = 0.027 • R •

Gas flow inside and outside a tube:

0.37Nu =0.3 Re07

Liquid flow outside a tube:
N~1= *6 

0 .5  P0 .31
"it 06 e Pr

Forced free conve.tion from the outer surface of a
rotating shaft

0.11 [0.5 Re2  pI0.35

where the Reynolds number Pe is developed by the shaft
rotation.

wiT D
Re vF
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. 1

in which w is the angular velocity (rad/sec)
D is the roll diameter (m)

The average coefficient of forced convection to the lubri-
cating oil within a rolling contact bearing may be approximated
by, by, a =0.086{ [1 D cos (0)l •(r1/3

a= 0.0986f f [1. d m~j} X(P d"

using + for outer ring rotation
.1 - for inner ring rotation

in which N is the bearing operating speed (rpm)
D is the diameter of the rolling elements (mm)

dm is the bearing pitch diameter (mm)
a is the bearing contact angle (degrees)

A.2.3 FLUID FLOW ]Ij

The rate of heat flow that is transferred from fluid
node i to fluid j by fluid flow is

qfij =: oiV CI (ti - t.)

tis +he volmne rate of flow from i to j. It must be observed
that the continuity of mass requires the following equation to
be satisfied

Z V.i = 0

provided the fluid density is constant. The summation should
be extended over all nodes i within the fluid which have heat
exchange with node j by fluid flow.

A.2.4 HEAT RADIATION

The rate of heat flow that is radiated to node j from
node i is expressed by

4 T 4
qij Ti ) - (-4 }10 1000 100

where

T. = t. + 273.16

T t. + 273.16 193
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.4

and the value of the coefficient 6it; depends on the geometry
and the emissivity or the absorptivji of the bodies involved.

For radiation between large, parallel and adjacent surfacesof equal area, Ai,j and emissivity, i,j, is obtained from
the equation

6.. i E. = uA.
1'J 1,3 1,

where a. the Stefan-Boltzmann constant, is

a = 5.76 . 10-8 W/m2 /(degK)4

For radiation between concentric spheres and coaxial cylinders
of equal emissivity, ci,j, 6 i,j is given by the equation

Ei aA.~
6.. A..

where a is as above Ai j is the area of the enclosed body
and A*i,j is the area of the surrounding body, i.e. Ai,j <A i,j.

Expressions for 6 i,j that are valid for more complicated
geometries or for different emissivities may be found in text-
books.

A.2.5 CALCULATION OF AREAS

In the case of heat transfer in the axial directicn Ai,j is
given by the equation (Fig. A-3)

Ai,j 2rm • Ar

Referring to the input instructions, Section V, but recalling
L must be input in mm not m.

L = rm = r 1 + r 2

L2 = Ar = r 2 - rI
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In the case of heat transfer in the radial direction, Ai j

is obtained from tie expression

Aij = 2r rm - H; L, = rm ; L. = H

and similarly for the radiation term above

A'ij '= 2rmH

L 2H r*S~~L 3 =r.'m

L2 =2H

Sin which H is the length of the cylindrical surface; where heat
is conducted between i and j, rm is given by the same equation
as above (Fig. A-4 (a) ); where heat is convected between i and j,
rm is the radius of the cylindrical surface (Fig. A-4(b) ); where
heat is radiated between i and j, rM is the radius of the enclosed
cylindrical surface and rm* the radius of the surrounding cylindri-

.• cal surface (Fig. A-4(c) ) H

- i

-,- ~ __-r2 -iI •IL-

Fig. A-3 Fig. A-4(a)

"I 9
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do

L H

LII

\\I \\I z\ X
Oji

Fig. A-4(b) Fig. A-4(c)

A.3.1 TRANSIENT ANALYSIS

For the transient analysis all of the data pertaining to
the node to node heat transfer coefficients must 1e input.
Additionally, the volume and the specific heat at each node is
required. For metal nodes this input is straightforward. However,
when fluid flow is being considered there is no easy way to approxi-
mate the fluid nodal volume in a free space such as the bearing
cavity. However, through use of the Program, the user's ability
to make appropriate estimates should improve.
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